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Abstract. We define boundedness properties on the contractible fixed points set of the 
time-one map of an identity isotopy on a closed oriented surface with genus g > 1. In 
symplectic geometry, a classical object is the notion of action function, defined on the 
set of contractible fixed points of the time-one map of a Hamiltonian isotopy. We give a 
dynamical interpretation of this function that permits us to generalize it in the case of 
a homeomorphism isotopic to identity that preserves a Borel finite measure of rotation 
vector zero, provided that a boundedness condition is satisfied. We give some properties 
of the generalized action. In particular, we generalize a result of Schwarz [Sz] about the 
action function being non-constant which has been proved by using Floer homology. As 
applications, we generalize some results of Polterovich |P1| about the symplectic and 
Hamiltonian diffeomorphisms groups on closed oriented surfaces being distortion free, 
which allows us to give an alternative proof of the C^-version of the Zimmer conjecture 
on closed oriented surfaces. 
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0. Introduction 

Suppose that (M, w) is a symplectic manifold with 7r2(M) = 0. Let / = {Ft)te[o,i] be a 
Hamiltonian flow on M with Fq = Mm and Fi = F. Suppose that the function Ht is the 
Hamiltonian function generating the flow /. Denote by Fixcont,/(-^) the set of contractible 
fixed points of F, that is, x is a fixed point of F and the oriented loop /(x) : t i— )• Ft{x) 
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defined on [0, 1] can be contractible on M. The classical action function is defined, up to 
an additive constant, on Fixcont./C-P") as follows (see Section [27T] for the details) 



where x G Y\yiQont,l{F) and C M is any 2-simplex with dD^ = 

When M is compact, among the properties of F, one may notice the fact that it preserves 
the volume form cj" = w A • • • A w and that the "rotation vector" pMjifJ-) G Hi{M,]R.) 
(see Section ll.3p of the finite measure /x induced by vanishes. In the case of a closed 
symplectic surface, the fact that a diffeomorphism isotopic to identity preserves a volume 
form CO whose rotation vector is zero characterizes the fact that it is the time-one map of 
a 1-periodic Hamiltonian isotopy (see Section [2?T]) . 

The goal of this article is to give a precise dynamical explanation of the action function 
defined on the set of contractible fixed points in the case of surface. Through defining a 
weak boundedness property (for example, F ia a diffeomorphism or the set Fixcont,/(-f') 
is finite), written WB-property for short, which is a certain boundedness condition about 
linking numbers of contractible fixed points (see Section II. 5p . we define a new action 
function with the following desired properties and prove that it is a generalization of the 
classical function: 

• It can be naturally generalized for any diffeomorphism (not necessarily C^) isotopic 
to the identity that preserves a finite Borel measure of rotation vector zero with 
no atoms on the contractible fixed points set. 

• It can be naturally generalized for any homeomorphism isotopic to the identity 
that preserves a finite Borel measure of rotation vector zero with total support 
and no atoms on the contractible fixed points set, provided that the WB-property 
is satisfied. 

• It can be naturally generalized for any homeomorphism isotopic to the identity that 
preserves a finite ergodic Borel measure fi of rotation vector zero with no atoms 
on the contractible fixed points set, provided that the WB-property is satisfied. 

In addition, we investigate some properties of the new action function: such as the 
boundedness (Proposition 16. 7p and the continuity (Proposition 16. 8p . Interestingly, we 
furthermore prove that, in the closed oriented surface case, the new action function is 
not constant when the measure has total support, which has been proved in [Sz] by Floer 
homology for the case where the isotopy is a Hamiltonian fiow. In [Sz], the time-one map 
F requires to be at least C^-smooth and the contractible fixed point set of F to satisfy 
certain non-degeneracy. In constract, we only demand the isotopy to satisfy a much weaker 
property, the proposed WB-property. 

Moreover, we are in particular interested in the conservative diffeomorphism groups of 
closed oriented surfaces. By applying the new action function to the groups of conserva- 
tive diffeomorphisms, we generalize some results of Polterovich |Plj about the absence of 
distortion in the symplectic and Hamiltonian diffeomorphisms groups on closed oriented 
surface. We proved that the C^-conservative diffeomorphism groups have no distortion on 
closed oriented surfaces, which links to Zimmer conjecture on closed oriented surfaces. 
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The main results of this article can be summarized as follows. 

Let M be a smooth manifold (with boundary or not) and let F be a homeomorphism 
on M. Denote by Diff(M) (resp. Diff^(M)) the group of all diffeomorphisms (resp. 
C^-diffeomorphisms) on M and by A4{F) the set of Borel finite measures on M whose 
elements are invariant by F. We say that an isotopy / = (-^t)tg[o,i] on M is an identity 
isotopy if Fq = Idjv/. Our main results are following: 

Theorem 0.1. Let F be the time-one map of an identity isotopy I on a closed oriented 
surface M with g > 1. Suppose that fi G Ai{F) has no atoms on Fixcont./l-P") (md that 
Pm,i{^j) = 0. In all of the following cases 

• F e Diff(M) (not necessarily C^); 

• / satisfies the WB-property, the measure f-t has total support; 

• / satisfies the WB-property, the measure ^ is ergodic, 

an action function can be defined which generalizes the classical case. 

On closed oriented surfaces, we get the following Proposition 10.21 and Corollary 16.111 
that are generalizations of Lemma 2.8 that is proved in |Szj by using Floer homology. 

Proposition 0.2. Let F be the time-one map of an identity isotopy I on a closed ori- 
ented surface M with g > 1. Suppose that fi G M{F) has total support, no atoms on 
Fixcont,/(-^), CLnd pMjifJ-) =0. // / satisfies the WB-property and F £ Homeo^,(M) \ 
{ Hm} where Homeo*(M) is the group of all homeomorphisms isotopic to Idj\/ on M, 
then the action function we defined in Theorem \0.1\ is not constant. 

Let M be the universal covering space and let F be the time-one map of the lifted 
identity isotopy of / to M. In fact, in order to generalize the classical action of we 
first define the action function of F on the fixed point set of F (see Section l6.ip . And 
then, we define the action spectrum ct{F) which is the range of the action function of 
F (whose domain is the fixed points set of F), and define the action width width(i<') = 
sup ,m |x — y| (it may be infinite, see Section [UTHI) . Base on Proposition [UlSl we can get 
the following Corollarv 10.31 Proposition 10.41 and Proposition 10.51 which are generalizations 
of Theorem 2.1. C, Proposition 2.6. A in [PI] , 

Corollary 0.3. Let F be the time-one map of an identity isotopy I on a closed oriented 
surface M with g > 1. If I satisfies the WB-property and F G Homeo^,(M) \ {Idj\/}, 
/i G Ai{F) has total support and no atoms on Fixcont,/(-^); then ^cr{F) > 2. 

We remark here that Proposition 10.21 and Corollary 10.31 are not valid when the measure 
has not total support as shown by Example 16.121 and Example 16.131 

We extend the identity isotopy / = (-Pt)tG[o,i] to M by writing F^+i = Ft o Fi. We have 
the following conclusions: 

Proposition 0.4. Under the same hypotheses as Proposition 1 0. SX there exists a constant 
C > such that width(F") > C ■ n for every n > 1 where is the time-one map of the 
lifted identity isotopy of I^ = (-Pt)tG[o.n] 

Proposition 0.5. Under the same hypotheses as Corollary \0.3l there exists a constant 
C > such that width(F'^) > C ■ n for every n>l. 
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Fix a Borel finite measure whose support is the whole space. Denote by Homeo^=(M, n) 
the subgroup of Homeo*(M) whose element preserves the measure fi, and by Hameo(M, /x) 
the subgroup of Homeo*(M, /x) whose elements satisfy furthermore that pmj{h) = 0. For 
convenience, we write Mg the closed oriented surface with the genus g > 1. 

Based on the previous result listed above, we can study the periodic homeomorphisms of 
surfaces. Applying Proposition [031 Proposition 10.51 and a result of Fathi |Faj (see Section 
17. ip . we can get the following corollary : 

Corollary 0.6. The groups Hameo(T^, /i), Homeo*(Afg) (g > 1) are torsion free. 



Let us now recall the definition of distortion (see |Plj ) . If 1^ is a finitely generated group 
with generators {gi, . . . ,gs}, then / E 1^ is said to be a distortion element of 5^ provided 
that / has infinite order and 

liminf = 0, 

n— >+oo ri 

where is the word length of /" in the generators {gi, . . . ,gs}- If is not finitely 

generated, then we say that / G ^ is distorted in ^ if it is distorted in some finitely 
generated subgroup of ^. 

Given two positive sequences {a„,} and we write a„ >z bn if there is c > such 

that On > cbn for all n G N, and a„ ~ bn if On ^ bn and On ^bn- 

Denote by Ham^ (M, fi) the group 

Hameo(M, /i) nDiffi(M) 

and by Diffj:(M, ^) the group 

Homeo,(M,/x) nDiff^(M). 

Finally, we study the existence of distortion of the groups Ham^ (T2 , /i) and Diff i (M^ , /i) 
and get the following result: 

Theorem 0.7. Let F G Diff];(Mg, /i) \ {Wa/J (g > I) (resp. F G Raui^J'^ , fj,) \ {IdTr2};, 
and W C T)iSl{Mg, fx) (g > 1) (resp. W C IIam^(T^, be a finitely generated subgroup 
containing F , then 

As a consequence, the groups Diff];(Afg, /i) (g > 1) and Ham^ (T^ , /i) have no distortion. 

Applying Theorem 10.71 some algebraic properties of the lattice SL(77,, Z) (n > 3) and 
mapping class group (see Section [7.21 for the details), we get the following theorems. 

Theorem 0.8. Every homomorphism from SL{n,'Ij) (n > 3) to }la.m^ {T^ , fi) or Diff^(Mg, /i) 
(g > 1) is trivial. 

Theorem 0.9. Every homomorphism from SL(ri,Z) (n > 3) to Diff ^(Af^, /i) (g > 1) has 
only finite images. 
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Remark here that Theorem 10.91 is a more general conjecture of Zimmer (see (Zj \P2\ 
IFH2j ) in the special surfaces case. The reader can find more information about Zimmer 
conjecture in Section I7.2i 

The article is organized as follows. In Section 1, we will first introduce some notations 
and recall the precise definitions of some important mathematical objects. And then we 
will define the linking number on contractible fixed points and the boundedness properties. 
Finally, we will study some conditions for these properties to hold. In Section 2, we will 
recall the classical action function in symplectic geometry and analyze how to generalize 
the action function to a more general case on closed oriented surfaces. In the end of this 
section, our main theorem is stated. In Section 3, we will recall some well known results 
about the plan and the open annulus, and extend some results of Franks to serve as the 
technical preliminaries of this article. In Section 4, we will first extend the definition of 
the linking number defined in Section 1 to positively recurrent points, which is one of 
the main ingredients of this article, and then we will give some elementary properties 
of the extended linking number. In Section 5, we will first study the boundedness of the 
extended linking number when it exists, and then study the existence and the boundedness 
of the linking number in the conservative case. In Section 6, based on the extended 
linking number and its properties studied in Sections 4 and 5, we will define a new action 
function and prove that it is a generalization of the classical one, which is our main 
theorem. We study the properties of the new action function, including boundedness 
and continuity. Furthermore, we prove that, on the closed oriented surface case, the new 
action function is not constant when the measure has total support whose smooth case 
has been proved in [Si] by using Floer homology. We also give examples to illuminate that 
this result is not true any more when the measure has not total support. In Section 7, by 
applying our generalized action function to the groups of conservative diffeomorphisms, we 
generalize the results of Polterovich about the absence of distortion in the symplectic and 
Hamiltonian diffeomorphisms groups on closed oriented surface in |Plj . We proved that 
the C^-conservative diffeomorphism groups have no distortion on closed oriented surfaces, 
which permits us to give an alternative proof of the C^-version of the Zimmer conjecture 
on oriented closed surfaces when the measure is a Borel finite measure with full surport. 
In Section 8, we provide a proof of a well known fact required in this article but which 
we have not found in the literature. In addition, we construct some examples to further 
complete our results. 

Acknowledgements. I would like to thank my advisors, Patrice Le Calvez and Zhiying 
Wen, for many helpful discussions and suggestions. I also thank Olivier Jaulent and 
Juliana Xavier for their explanations of their results to me. I am grateful to Bassam 
Fayad and Lucien Guillou for careful reading the manuscript and many useful remarks. 



1. Notation and Definitions 

We denote by | • | the usual Euclidean metric on M^' and by S'^""'^ = {x G M'^' | \x\ = 1} 
the unit sphere. 
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If A is a set, we write for the cardinahty of A. If G is a group and e is its unit 
element, we write G* = G \ {e}. If (5, o", /i) is a measured space and V is any finite 
dimensional linear space, denote L^{S, V, n) the set of /i-integrable functions from S to V. 
If X is a topological space and j4 is a subset of X, denote respectively Int(A), C1(A) and 
dA the interior, the closure and the boundary of A. 

If M is a smooth manifold (with boundary or not), we denote by IIomeo(M) the set of 
all homeomorphisms of M. 

1.1. Identity isotopies. An identity isotopy I = (i^t)te[o,i] on M is a continuous path 

[0, 1] ^ Homeo(M) 
t ^ Ft 

such that Fq = Um, the last set being endowed with the compact-open topology. We 
naturally extend this map to M by writing -Ft+i = Ft o Fi. We can also define the 
inverse isotopy of I as = iF^t)te[o,i] — {Fi^t ° -^r^)tG[o,i]- We denote by Homeo*(M) 
(resp. Diff*(M), Diff];(M)) the set of all homeomorphisms (resp. diffeomorphisms, G^- 
diffeomorphisms) of M that are isotopic to the identity. 

A path on a manifold M is a continuous map j : J ^ M defined on a nontrivial 
interval J (up to an increasing reparametrization) . We can talk of a proper path (i.e. 
'y~^{K) is compact for any compact set K) or a compact path (i.e. J is compact). When 
7 is a compact path, 7(inf J) and 7(sup J) are the ends of 7. We say that a compact 
path 7 is a loop if the two ends of 7 coincide. The inverse of the path 7 is defined by 
7~^ : 1 1—)- "f{—t), t G — J. If 71 : Ji — )■ M and 72 : J2 — 5- M are two paths such that 

bi = sup Ji G Ji, 02 = inf J2 G J2 and 71(61) = 72(02), 

then the concatenation 71 and 72 is defined on J = Ji U (J2 + (61 — 02)) in the classical 
way, where (J2 + (61 — 02)) represents the translation of J2 by (61 — 02): 

'7i(i) if t G Ji; 

72(4 + 02 -61) if t G J2 + (61 - 02)- 

Let I be an interval (maybe infinite) of Z. If {7j : Jj — ?• M}i^x is a family of compact 
paths satisfying that 7i(sup(Jj)) = 7j+i(inf ( J^+i)) for every i £ I, then we can define 
their concatenation Hiei^*' 

If {7i}igx is a family of compact paths where I = and Ij is an interval of Z 

such that riiex,- ^» ^^^^ defined (in the concatenation sense) for every j £ J, we define 
their product by abusing notations: 

The trajectory of a point z for the isotopy / = (-Pt)t6[o,i] is the oriented path /(z) : 1 1— >■ 
Ff(z) defined on [0,1]. Suppose that {Ik}i<k<ko is a family of identity isotopies on M. 
Write Ik = iFk,t)te[o,i]- We can define a new identity isotopy 4o • • • /2^i = (-Pt)t6[o,i] by 
concatenation as follows 

(1.1.1) Ft{z) = Fk,kot~{k^i){Fk^i,i°Fk^2,io...oFi^i{z)) if tll<t<h^. 
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In particular, l''^'{z) = HfeL^o^ ^(^^(-^)) when 4 = / for all 1 < A; < ko- 

We write Fix(F) for the set of fixed points of F. A fixed point z of F = Fi is contractible 
if I{z) is homotopic to zero. We write Fixcont,/(-^) for the set of contractible fixed points 
of F, which obviously depends on /. 

1.2. The algebraic intersection number. The choice of an orientation on M permits 
us to define the algebraic intersection number FAT' between two loops. We keep the same 
notation F A 7 for the algebraic intersection number between a loop and a path 7 when 
it is defined, for example, when 7 is proper or when 7 is compact path whose extremities 
are not in F. Similarly, we write 7 A 7' for the algebraic intersection number of two path 
7 and 7' when it is defined, for example, when 7 and 7' are compact paths and the ends 
of 7 (resp. 7') are not on 7' (resp. 7). 

1.3. Rotation vector. 

1.3.1. The definition of rotation vector. Let us introduce the classical notion of rotation 
vector (defined originally in [St]). If F is a loop on a smooth manifold M, write [F]^/ G 
Hi{M,7j) for the homology class of F. Suppose that F G Homeo*(M) is the time-one map 
of an identity isotopy / = (-Ff)te[o,i]- Let Rec~'"(F) be the set of positively recurrent points 
of F. If z G Rec'''(-F), fix an open disk U C M containing z, and write {F'^'' (z)} k>i for 
the subsequence of the positive orbit of z obtained by keeping the points that are in U. 
For any k > 0, choose a simple path ^F'^k[z),z ™- U joining F^^{z) to z. The homology 
class [Ffcjjv/ G Hi(M,X) of the loop F^ = /"''(2:)7_p"fe(z),2 does not depend on the choice of 
lF"k{z),z- Say that z has a rotation vector pm,i{z) G f/'i(M, M) if 

lim — [FfejAf = PM,i{z) 

for any subsequence {F^^i (z)}/>i which converges to z. Neither the existence nor the 
value of the rotation vector depends on the choice of U . 

1.3.2. The existence of rotation number in the compact case. Suppose that M is compact 
and that F is the time-one map of an identity isotopy / = (i^i)ig[o,i] on M. Recall 
that Ai{F) is the set of Borel finite measures on M whose elements are invariant by F. 
If G M.{F), we can define the rotation vector pmj{z) for ^-almost every positively 
recurrent point |Lecl| . Let us explain why. 

Let U be an open disk of M that is the interior of a closed topological disk. For every 
couple {z',z") G U"^, choose a simple path 'yz',z" in U joining z' to z". We can define 
the first return map $ : Rec+(F) nU ^ Rec"'"(F) n U and write $(2;) = F'^'^^\z), where 
t{z) is the first return time, that is, the least number n > 1 such that F^{z) G U. By 
Poincare Recurrence Theorem, this map is defined //-almost everywhere on U. For every 
z G Rec+(F) n U and n > 1, define 

n-l 

Tniz) = J2^{<I>\Z)), F^ = r"W(z)7<,n(,),,. 
1=0 
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Observe now that 

i=0 

By the classical Kac's lemma (see |Kaj ) . we have 

Indeed, we have the following measurable partitions (modulo sets of measure zero): 
U = \JU, and \Jf''{U) = \J \J F^{U,), 

i>l k>0 i>l 0<j<i-l 

where Ui = T~^{{i}), therefore 



A* 



k>0 ^ i>\ 0<7<i-l i>l ^ 



Hence, we get T £ L^{U,R,fi). In the case where M is compact, let us prove that the 
function z i— )• [r^]A//r(2:) is bounded on Rec"'"(F) n U and hence that the map z i— )■ [TI]m 
belongs to L^{U, Hi{M,R), n). 

Indeed, it is sufficient to prove that for every cohomology class k G if^(M, M), there 
exists a constant K,^ such that \{k, [TI]m)\ < Kkt{z). Let A be a closed form that repre- 
sents K. The function gx ■ z ^ Jj^^^ X is well defined, since A is closed, and continuous. 
It is bounded since M is compact. As Cl{U) is a closed disk, we can find an open disk 
U' containing Cl{U) and a primitive hx of A on U'. This primitive is bounded on C\{U). 
This implies that for every z £ Rec'''(-F) n U, we have 



(1.3.1) 

(1.3.2) 
(1.3.3) 



\m,[ri]M)\ 



n 



t{z)-1 

E 

t=0 



A + 



I{Fi{z)) 



< t{z) mayi\gx{z)\ + 2snp\hx{z)\ 

< r(2:)(max|gA(^;)| + 2sup/iA(^;)|)- 



By Birkhoff Ergodic Theorem, for /i-almost every point on Rec~''(-F) n U, the sequence 
{Tn{z)/n}n>i converges to a real number t*{z) > 1, and the sequence {[r"]M/''^}n>i 
converges to [r*]^./ € Hi{M,M). The positively recurrent points of F in J7 are exactly 
the positively recurrent points of <I> because U is open. We deduce that /x-almost every 
point z G Rec"'"(F)nC/ has a rotation vector pm,i{z) = [TI]m /t*{z). Since U is arbitrarily 
chosen, we deduce that /i-almost every point z S Rec"'"(F) has a rotation vector. The 
function z i— )■ [r2]j\//r(2;) is bounded on Rec^(F) n U, so is the function 



Pm,i 



z I—)- lim 



En-l rpl 
i=0 l-*- $ 



\M 
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on Rec''^(F) CiU. As M can be covered by finitely many sucli open dislcs, we deduce that 
Pmj is uniformly bounded on Rec"'"(F). Therefore, we can define the rotation vector of 
the measure 



PMjifJ-) = / PAi,idn e Hi{M,] 
Jm 



1.3.3. The rotation number of an open annulus. Let A = M/Z x M be the open annulus. 
Let us denote the covering map 



vr : A 
{x,y) ^ {x + Z,y), 
and T the generator of the covering transformation group 

T : 

{x,y) ^ {x + l,y). 

When F G Homeo*(A), we have a simple way to define the "rotation vector" given in 
ll.3.1l if we observe that i?i(A,]R) = M. We will say that a positively recurrent point z has 
a rotation number p^p{z) for a lift F of F to the universal cover of A, if for every 
subsequence {F^'= (z)} of {F"(2;)}„>i which converges to z, we have 

pi o ^"^(i) -pi{z) 
hm = p p{z) 

for every z G 7r~^(z), where pi : i— t- x is the first projection. We denote the set of 
rotation numbers of positively recurrent points of F for F as Rot(F). In particular, the 
rotation number p^p{z) always exists when z is a fixed point of F. We denote the set of 

rotation numbers of fixed points of F as RotFix(F) (-^) • 

It is well known that a positively recurrent point of F is also a positively recurrent point 
of F'^ for all g G N (we give a proof in Appendix, see Lemma IS.ip . By the definition of 
rotation number, we easily get that Rot(F) satisfies the following elementary properties. 

1. Rot(r^ oF)= Rot(F) + k for every /c E Z; 

2. Rot(F^) = qRot{F) for every q>l. 

1.4. Linking number of contractible fixed points. 

1.4.1. We begin by recalling some results about identity isotopies, which will be often 
used in the literature. 

Remark 1.1. Suppose that M is an oriented compact surface and that F is the time- 
one map of an identity isotopy / = (-Ft)iG[o,i] on M. When z G Fixcont,i{F), there is 
another identity isotopy /' = (i^/)tg[o,i] homotopic to / with fixed endpoints such that 
/' fixes z (see, for example, [Jl Proposition 4.1]), that is, there is a continuous map 
H : [0, 1] X [0,1] X M ^ M such that 

• H{0,t,z) = Ft{z) and H{l,t,z) = Fl{z) for all t G [0,1]; 

• H{s,Q,z) = ldM{z) and H{s,l,z) = F{z) for aU s G [0,1]; 

• F/(z) = z for all t G [0,1]. 
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Lemma 1.2. Let be the 2-sphere and I = {Ft)t£[o,i] be an identity isotopy on S^. For 
every three different fixed points z-i (i = 1,2,?,) of Fi, there exists another identity isotopy 
I' = (-F/)tg[o,i] f'f'om Ids2 to Fi such that /' fixes Zi (i = 1, 2, 3). 

Proof. We identify the sphere to the Riemann sphere C U {oo}. The Mobius transfor- 
mation A4{z) = maps the triple {vi,V2,V3) to the triple (wi, a;2, t^s) (see Chapter 3 
of [N] for a beautifully illustrated introduction to Mobius transformations) where 

VlUJl Wl 1 \ / VliOl Vl UJl 

det I V2(^2 W2 1 b = det U2<^2 V2 u)2 

V3UJ3 W3 1 / \ V30J3 V3 UJ3 




Vl Ui L \ I VlUJl Vl 

(1.4.1) c = det I 1^2 1 d = det ^2^2 ^2 

V3 U3 I ) \ V3UJ3 V3 

If one of the points Vi or Wi in 11.4.11 is 00, then we first divide all four determinants by 
this variable and then take the limit as the variable approaches 00. Replacing Vi, Wi by 
Vi{t) = Ft{zi) and Wi{t) = Zi {i = 1,2,3 and t € [0, 1]) in the matrices above, we get the 
matrix functions at, bt, ct and dt- 
Let 

N atz + bt 

M{t,z) = — - 

ctz + dt 

and 

l'{zm = F^{z)=M{t,Ft{z)). 
By the construction, /' is an isotopy of from Idg2 to -Fi that fixes Zi {i = 1,2,3). □ 

As a consequence, we have the following corollary. 

Corollary 1.3. Let I = (i*t)(g[o,i] be an identity isotopy on C. For any two different fixed 
points zi and Z2 of Fi, there exists another identity isotopy /' from Idc to Fi such that F 
fixes zi and Z2. 

Remark 1.4. Let Zj € (i = 1,2,3) and Homeo*(S^, zi, 2:2, -^3) be the identity com- 
ponent of the space of all homeomorphisms of leaving Zj (i = 1,2,3) pointwise fixed 
(for the compact-open topology). It is well known that 7ri(Homeo*(S^, zi, Z2, Z3)) =0 (see 
[Ham2j . [Han]). It implies that any two identity isotopies /, /' C IIomeo*(S^, zi, Z2, Z3) 
with fixed endpoints are homotopic. As a consequence, let IIomeo*(C, zi, Z2) be the iden- 
tity component of the space of all homeomorphisms of C leaving two different points zi 
and Z2 of C pointwise fixed, we have 7ri(Homeo*(C, z;i, Z2)) = 0. 



1.4.2. Let M be a surface that is homeomorphic to the complex plane C and / = {Ft)t£[o^i] 
be an identity isotopy on M. Let us define the linking number ii{z, z') G Z for every two 
different fixed points z and z' of Fi. It is the degree of the map ^ : — )• defined by 



e(e 



2,,,, hoFt{z')-hoFt{z) 



\hoFt{z')-hoFt{z) 
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where /i : M — )■ C is a homeomorphism. The hnking number does not depend on the 
chosen h. 

It is well known that U{1) is a strong deformation retract of Homeo^=(C) (see |Knj or 
|Lerl Theorem 2.9]). Consider the isotopy R = (n)te[o,i] 

where n = e2^-*. If / = (Fj)tg[o,i] 
is an identity isotopy and A; S Z, we can define the identity isotopy R^I by concatenation. 
If /' = (-F/)tg[o,i] is another identity isotopy with F[ = Fi, then there exists a unique 
integer k such that /' is homotopic to R^F 

Therefore, if / = (-Ft)jg[o,i] and /' = (-^/)t6[o,i] are two identity isotopies on M with 
F[ = Fi, then there exist k £ Z such that ii'{z, z') = ij{z,z') + k for any distinct fixed 
points z' and z' of Fi. 

1.4.3. Let F be the time-one map of an identity isotopy / = (-Fj)t6[o,i] on a closed 
oriented surface M of genus g > 1 and F be the time-one map of the lifted identity 
isotopy / = (i*t)j(=[o,i] on the universal cover M of M. When (7 > 1, it is well known 
that 7ri(Homeo*(A/)) ~ ( |Ham2j ) . It implies that any two identity isotopies /, /' C 
Homeo^,(M) with fixed endpoints are homotopic. Hence, / is unique up to homotopy, it 
implies that F is uniquely defined and does not depend on the choice of the isotopy from 
Mm to F. When g = 1, 7ri(Homeo*(M)) ~ (see |Hamlj ). F depends on the isotopy /. 
The universal cover M is homeomorphic to C. 

Let TT : M — )• M be the covering map and G be the covering transformation group. 
Denote respectively by A and A the diagonal of Fixcont,/(-^) x Fixcont,/(-^) and the 
diagonal of Fix(F) x Fix(F). Endow the surface M with a Riemannian metric and denote 
by d the distance induced by the metric. Lift the Riemannian metric to M and write d 
for the distance induced by the metric. 

We define the linking number i{F;z,z') for every pair {z,z') G (Fix(F) x Fix(F)) \ A 

as 

(1.4.2) i{F;z,I')=ij{I,z'). 

This is a special case of the linking number that we have defined in ll.4.21 
We give some properties of i{F;z,z') as follows. 

(PI): i{F;z,z') is locally constant on (Fix(F) x Fix(F)) \ A; 
(P2): i{F;z,z') is invariant by covering transformation, that is, 

i{F;a(z),a{z')) = i{F;z,z') for every a £ G; 

(P3): i(F;I,?') = if 7r(z) = 7r(?^); 

(P4): there exists K such that i{F;z,z') = if d{z,z') > K. 

Indeed, the property PI is true by continuity. The property P2 is true because the 
linking number does not change when you replace hhy ho a (see ll.4.2p . By Remark 11.11 
we can choose an isotopy /' that is homotopic to / and fixes 7r(i), then the lift /' of I' 
fixes z and z' . Thus the property P3 holds. Finally, let 

K = sn^{d{Ft{I),Ft^{I)) I {t,t',I) G [0,1]2 x Fix(F)}. 
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The value K is well defined because Fixcontjl-P") = vr(Fix(F)) is compact and Ftoa = aoFt 
for all t e [0,1] and a £ G. Obviously, when d{z,z') > 3K, i{F;z,z') = 0. We get the 
property P4. 

1.4.4. Now we define the linking number I{F;z,z') € Z for every distinct contractible 
fixed points z and z' of F as follows: 

I{F;z,z') = Y,ii^;z,a{z')), 

where z G tt~^{z) and z' G 7r~^(z'). The sum is well defined since there are finite nonzero 
items in the sum (by the property P4). Obviously, I{F;z,z') does not depend on the 
chosen lifts z and z' (by the property P2) and is locally constant on (Fixcont,/(-^) x 
Fixcont,/(-P')) \ A (by the property PI and the fact that there is a finite number of nonzero 
in the sum). 

Proposition 1.5. The following statements are equivalent 

(1) The set of linking numbers i{F;z,z') where {z,z') G (Fix(F) x Fix(F)) \ A is 
bounded; 

(2) The set of linking numbers I{F; z, z') where {z, z') G (Fixcont,/(-^) x Fixcont,/(-^))\ 
A is bounded. 

Proof. (1) (2) . Let be a bound of that set. According to the property P4, there exists 
a positive integer K such that tt{a G G \ i{F;z,a{z')) 0} < K for all z,z' G Fix(F). 
Then we have \I{F;z,z')\ < E^gG "(^0)1 <KN. 

(2) =^ (1). If the statement (1) does not hold, then there exist two sequences {zn}n>i 
and {Sr/}n>i such that lim i{F;Zn,Zn) = +oo or lim i(F; z„, = —oo. We suppose 

lim i{F; Zn,Zn) = +oo, the other case being similar. As M is compact, there is a subse- 

n—^+co 

quence {zn^}k>i of {in}n>i and a subsequence {zn^}k>i of {zn}n>i such that 7T(zn^) z 
and Tr(zn,!) — )■ z' when k — )■ +oo. By the continuity of /, we have z, z' G Fixcont,/(-^)- Fix 
two points z G tt~^{z) and z' G tt^^{z'). We can choose a sequence {ak}k>i C G such 
that afc(infe) — ?• ? as A; — t- +oo. By the property P2, we have 

(1.4.3) lim i(F;afc(z„J,afc(z„/)) = lim i{F;Zn,^,Zn,!) = +oo. 

The property P4 implies that the sequence {ak(zn,!)}k>i is bounded, then the property 
PI tell us that lim Ukizn^) = z. By the properties PI and P3, we have 

fc— >+oo 

i(F;afc(inJ,a(afc(infe'))) = 
for all q; G G* when k is large enough. Thus we have lim I{F] Tr{zni.),TT{zn^)) = +oo. □ 

fc— *-+oo 
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1.4.5. In the rest of the paper, when we take two distinct fixed points a and b of F, it 
does not mean that 7r(a) and 7r(5) are distinct. 

Fix two distinct fixed points a and b of F. For any z G Fixcont,/(-^) \ '''"({o, 6}), we 
define the linking number of z for a and b as 

i{F;a,b,z)= J2 {i{F;a,7)-iiF;b,J)) =I{F;n{a),z)-I{F;^^^^ 

it(z)=z 

We will extend it to the case where z £ Rec'''(-F)\7r({a, b}) in Section [H Note here that 
the linking number only depends on iria) and 7r(6) in the case where z is a contractible 
fixed point of F, but the extension of i{F;a, b, z) for z G Rec~''(F) \Fixcont,/(-^) in Section 
m depends on the choices of a and b. 

1.5. The weak boundedness property and the boundedness property. We can 

compactify M into a sphere by adding a point oo at infinity and the lift F may be extended 
by fixing this point. In all the text, we write S = M U {oo}. If a and b are distinct fixed 
points of F, the restriction of F to the annulus = S \ {o, 6} denoted by has a 

natural lift F~-^ to the universal cover A~-^ of A~-^ that fixes the preimages of oo by the 
covering projection vf-^ : A~-^ — )• A~-^. Denote by the generator of Hi{A~y M) defined 
by the oriented boundary of a small disk centered at a. 

If 7r(a) 7^ 7r(&), by Remark 11.11 there exist two identity isotopies I' and /" homotopic 
to I with fixed endpoints such that /' fixes 7r(a) and I" fixes T^{b). However, in general, 
there does not exist an identity isotopy homotopic to / with fixed endpoints such that 
fixes both vr(a) and 7r(6), which is an obstacle that prevents us to generalize the action 
function to a more general cases (see Section I2.3|) . That is a reason that we introduce the 
following lemma. 

Lemma 1.6. Ifzis another fixed point of F which is different from a, b and oo, then the 
rotation number ofzE A~-^ for the natural lift F~j^ is equal to i{F;a,z) — i{F;b,'z}, that 

is _ 

Pa^~F--~(^ = ^(-^;«>2) - i{F;b,z). 

a.b' a,b 

Proof. If J and J' are two isotopies of M from Idj^ to F, then there exists k £ Z such 
that ij = iji + k (see ll.4.2|) . Therefore, if a, 6 and z are distinct fixed points of F, the 
quantity ij(a, z) — ij(6, i) is independent of J and hence equals to i{F; a, i) — i(F; 6, F) if 
we choose J = I where / is the identity isotopy in ll.4.31 Suppose now that J is an isotopy 
that fixes a and b. The trajectory J(i) defines a loop in the sphere S. If 75^00 and 

are two paths in S that join respectively a and b to 00, we have ij(a,z) = ^a,oo ^ 
and ij{b,z) = %^ ^ J(^)- The loop J(i) being homologous to zero in S, we deduce that 
i{F;a, z) — i{F; 6, i) = ij(a, z) — ij{b, z) = 7^^ A JCz), where 7-^ is a path in S that joins 

a to b. Note that this integer is nothing else but the rotation number of z for the lift F-^ 
defined by T-r. □ 

a,b 
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Remark here that, by the definition i{F; a, b, z) of Section [1.4.5| we have 
i{F;a,b,z)= V i{F;a,z)-i{F;b,z)= V 

^ ' ^ ' a,b' a,b 

it{'z)=z n{z)=z 

Definition 1.7. We say that / satisfies the weak boundedness property at a € Fix{F) 
(WB-property at a) if i{F;a,b) is uniformly bounded for aU fixed point b G Fix(F) \ {a}. 
We say that / satisfies the weak boundedness property (WB-property) if it satisfies the 
weak boundedness property at every a S Fix(F). We say that I satisfies the boundedness 
property (B-property) if the set ot i{F;a,b) where {a,b) G (Fix(F) x Fix(F))\A is bounded. 

Lemma 1.8. Let a and b be two distinct fixed points of F. The following statements are 
equivalent 

(1) / satisfies the WB-property at a and b; 



(2) there exists K > such that 



a,b^ a,b 



< K for all fixed point c £ Fix(F)\{a, 6}. 



Proof. From Lemma ll.6l we have (1) =^ (2) immediately. Next we prove (2) =^ (1) by con- 
tradiction. Without loss of generality, we suppose that there exists a sequence {cn}n>i C 
Fix(F) \ {a, 6} such that lim i{F;a,Cn) = +oo (the case lim i{F;a,Cn) = — oo is 

n— >-+oo n— ^+oo 

similar). Lemma 11.61 and the hypothesis (2) imply that lim i{F;b,Cn) = +oo. The 

n->+oo 

property P4 implies that the sequence {c„}„>i is bounded. The property PI implies that 
lim Cn = a and lim = 6, which gives a contradiction. □ 

Lemma 1.9. For any two distinct fixed points a andb of F , if F and F~^ are differentiable 
at iria) and 7r(6), then Pj^ ^(z) is uniformly bounded for any z € Rec'''(F) \ {5,6} if 

a, 6' a,b 

it exists. In particular, _ ^ _(c) is uniformly bounded for any fixed point c E Fix(F) \ 

a,&' a,b 

{a,b}- 

Proof. Let A~j^ = S'^U^-^US'^ where Sa and 5j are the tangent unit circles at a and b such 
that is the natural compactification of The maps F and F~^ are differentiable 

at 7r(a) and vr(6). Hence the lift F (resp. F~^) of F (resp. F~^) to M is differentiable at 
a and b. By the method of blowing-up, it induces a homeomorphism f : A--^^ 



F~r(u) when u G A~-r 

a,b^ ' a,b 

DF(a).u , ^ n 

ng; ~ when u G 5s 

\DF{a).u\ 

."^"^ when u £ Sr. 

, \DF{b).u\ b 



The universal cover of A--^ is M x [0, 1]. We suppose that / is the lift of / fixing the 
preimages of oo by the covering projection vf~^. For any u £ A~-j^, we have that pi{f{u)) — 
Pi{u) is uniformly bounded because A~-j^ is compact, where u is any lift of u. There 



exists A^, depending on /, such that for every z G 6' ~ 
Moreover, for every n > 1, we have 

n.-l 
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< N. 



Pi o -Pi{z) 



n 



n 

i=0 



< N. 



If z S Rec"'"(F~^) and Pj^ ^^p S^) exists, by the definition of rotation number (see 



ll.3.3p . we deduce that 



a, 6' a.h 



< N. We have completed the proof. □ 



Observe that the proof of Lemma [1 . 9 1 gives us an information about how rotate not only 
the positively recurrent points of F~-j^ but in fact every point in A-^^, we will use this fact 
in Section [5l 

By Lemma 11.81 and Lemma 11.91 we have the following proposition immediately. 
Proposition 1.10. The WB-property is satisfied if F ^ Diff(M). 

Remark that if F and F~^ are differentiable at 7r(a), similarly to the proof of Lemma 



11.91 we can prove that / satisfies the WB-property at a, from which Proposition 11.101 can 
be proven directly. However, the proof of the current Lemma 11.91 will be necessary for 
further proofs of this paper, thus being adopted here. 

Obviously, / satisfies the B-property if jiFixcont,7(-P') < +oo. In Appendix, we construct 
an isotopy / = (-Ft)o<t<i such that F = Fi \s a diffeomorphism of M but does not satisfy 
the B-property. In that example, we show that F is not a C^-diffeomorphism of M (see 
Example 18. 3p . If F is a C^-diffeomorphism of M, we have the following result: 

Proposition 1.11. The B-property is satisfied if F ^ Diff^(M). 

Before proving Proposition II . 1 ll we need the following lemma ( [BLFM[ Lemma 5.6]). 

Lemma 1.12. Let h be a -diffeomorphism of and a S Fix(/i). For all point z G 
different from a and its antipodal point, denote 7^ the unique great circle that passes 
through them and a, and denote ■j~ (resp. ) the small (resp. large) arc of joining a 
and z. Then there exists a neighborhood W of a on such that for all z G Fix(/i) n W, 
we have h{'y~) H 7^ = {z,a}. 

Proof of Proposition We only need to consider the case where ttFixcont,/(-^) = +00. 

To get a proof by contradiction, according to Definition 1 1.7t we suppose that there exist a 
sequence of pairs {(5„,, 6„)}„>i C (Fix(F) xFix(F))\A such that lim i(F; a„, 6„) = +00 

n— >+oo 

(the case where lim i(F; o„, 5„) = —00 is similar). By the property P2, we can suppose 

n— >+oo 

that the sequence {an}n>i is bounded by replacing a„ and 5„ with a„(a„) and an(&n) 
where a„ G G if necessary. The property P4 implies that the sequence {&n}n>i is also 
bounded. Therefore, by continuity, we can suppose that lim — o and lim b^ — b 

n— >+oo n— >+oo 

where a G Fix(F) and b £ Fix(F) by extracting subsequences if necessary. According to 
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the property PI, we deduce that a = b. Moreover, as -F is a diffeomorphism, so / satisfies 
the WB-property at a. That is, there is a number Na > such that |i(F;a, i)| < Na for 
all z G Fix(F) \ {a}. Hence, we can suppose that a„, ^ a and bn for all n by taking n 
large enough. 

For every re > 1, let be an isotopy that fixes a and (Corollarv ll.3p . Then there 
exists kn such that 

(1.5.1) ijjz,z') = i{F;I,I') + kn 

for every two distinct fixed points z and z' of F (see 11.4.2]) . Observing that ij (a, a^) = 
for every n, so Equation 11.5.11 implies that \kn\ < N-^ and lim (an,bn) = +oo. 

Moreover, we have ir (a,bn) = i(F;a,bn) + kn, hence \ir (a,bn)\ < ^N^. 

Consider the annulus = S \ {a, an} and Fa;d.n- By the proof of Lemma [L6l we 

know that 

(bn) = ij ia,bn) - if {an,bn). 

Therefore, 

(1-5.2) lim p,^ ft,^ (5„) = -00. 

n— > + 00 ^a, ant'- a, an 

Fix g > 1, apply Lemma 11.121 to -F^.a^. When re is large enough, there are two arcs 7" 
and 7"*" in ^s^a„ joining a and that are disjoint and F~~ (7") n 7"*" = 0. Recall that 

^a,z„ ■ ^a,an is the Universal cover of Aa^z„ , Fz,Un is the lift of F^^a^ that fixes the 

preimages of 00 by vr^^ jj^ and Tka^ is the generator of ii'i(Aa a^,]R) defined by the oriented 
boundary of small disk centered at a. Choose a connected component 7" of vf-i (7~) and 

endow 7^ with an orientation from the lower end to the upper end. The arc F~~ (7") 
does not meet any connected component of 7f~~ (7"*") and thus meets at most a translated 
T~~ (7"). As -Fa,a„ has a fixed point (the lift 00 of 00), the arc F~~ (7") can not be on 
the right of 7s (7") (otherwise, F~~ has no fixed point). Therefore, it is on the left of 
the arc T~~ (7"). For the same reason, it is on the right of the arc T~~ (7"). As F-y^r. 
and commute, it implies that the arc F~~^[T{j~)) is on the left of T~~^{'y~) and 

on the right of T~~ (7"). Consider a point z S Rec''^(-F) \ {a, o„} such that the rotation 
number p 4^ _ s _ (2) is well defined. There exists a unique lift z of z that is in the region 

^a,an a,an 

between 7" and 7s5^(7~). By induction, we deduce that the point iz) is in the 
region between T~~"^('y^) and T-'- (7") for all rei, > 1. By the definition of the rotation 
number (see 11.3.3]) . we have \Pa^^ s _ {z)\ < 3/q. As q can be choose arbitrarily large, 

^a,an t^a,an 

we have 

(1.5.3) hm (I) = 0. 

71— > + 00 ^a,an''- a,a„ 

In particular, we have 

n— > + 0O ^a, an'' a, an 



which conflicts with the hmit ll.5.2[ We have completed the proof. 
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2. Symplectic Action 



The action is a classical object in symplectic geometry and we will first recall it in this 
section. Then, we will explain how to generalize the action to a simple case where the 
time-one map F of / is a diffeomorphism, the set Fixcont,/(-^) of contractible fixed points 
is finite and unlinked (we will define what it means), the measure fi G M{F) has no atoms 
on Fixcont,/(-F') and satisfies pujilJ-) = 0. 

Suppose that / is an identity isotopy of M, F is the time-one map of /, G Ai{F) 
has no atoms on Fixcont,i{F), and pMj{fi) = 0. At the end of the section, we will state 
generalizations of the action to the cases 



• / satisfies the WB-property, the measure /i has total support; 

• / satisfies the WB-property, the measure /i is ergodic. 

We will prove them in Section [6l 

2.1. The classical action. Let us recall what is the action. In this section, we suppose 
that (M, cj) is a symplectic manifold (not necessarily closed). 

2.1.1. Symplectic and Hamiltonian. A diffeomorphism F : M ^ M is called symplectic if 
it preserves the form ui. Symplectic diffeomorphisms form a group denoted by Symp(M, w). 
Let Symp^(M, w) denote the path-connected component of the Mm in Symp(M, cj). 

Consider a smooth isotopy / = (i^t)fe[o,i] hi Symp^(M, cj) with Fq = Idu and Fi = F. 
Let be the corresponding time-dependent vector field on M: 



Since the Lie derivative L^^u vanishes, we get that the 1-fornis At = —i^t^ are closed. 
Write [At] for the cohomology class of At. The quantity 



is called the flux of the isotopy /. It is well known that Flux(/) does not change under a 
homotopy of the path / with fixed end points (see pvlSj ). 

An isotopy / is called Hamiltonian if the 1-fornis At are exact for all t. In this case there 
exists a smooth function H : [0, 1] x M — )■ M so that At = dHt, where Ht(x) stands for 
H{t,x). The function H is called the Hamiltonian function generating the fiow /. Note 
that Ht is defined uniquely up to an additive time-dependent constant. 

A symplectic diffeomorphism F : M ^ M is called Hamiltonian if there exists a Hamil- 
tonian isotopy / = (i*t)te[o,i] with Fq = Idnj and Fi = F. Hamiltonian diffeomorphisms 
form a group denoted by Hani(M, cj). The following theorem characterizes the relation 
between flux and Hamiltonian diffeomorphisms (see [MS] for the details). 



• F G Diff(M); 



-Ft{x) = Ct{Ft{x)) for ah x e M, t G [0, 1] 
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Theorem 2.1. Let F G Symp^(M, cj). Then F is Hamiltonian if and only if there exists 
an isotopy I = {Ft)t£[o,i] in Symp^(M, w) such that Fq = Mm, Fi = F and Flux(I) = 0. 
In that case, I is isotopic with fixed endpoints to a Hamiltonian isotopy. 

Suppose that (M, uj) is a closed symplectic surface and / = (-Fj)tg[o,i] is a smooth isotopy 
in Symp^(M, uj). Let denote by jj, the measure induced by co. We have the following relation 
between the Flux(/) and pm,/(m) (see |FHlj ): for any smooth loop a on M, we have 

(Flux(/), [(t]a/) = PMjifJ.) A [a]M- 

Hence, / is Hamiltonian if and only if pm,i{i^) = 0. 



2.1.2. Action function and action difference. In this section, we suppose that (M, w) is a 
symplectic manifold with 7r2(M) = (for example, a closed oriented surface with genus 

Let / = (-Ft)te[o,i] be a Hamiltonian isotopy on M with Fq = Mm and Fi = F. Suppose 
that the function H is the Hamiltonian function generating the flow /. 

Let X be a contractible fixed point of F. Take any immersed disk C M with 
dDx = I{x), and define the action function 

(2.1.1) Ah{x)= [ UJ- C Ht{Ft{x))dt. 

JDx Jo 

The definition is well defined, that is Ani^) does not depend on the choice of D^. It is 
sufficient to prove the integral uj does not depend on the choice of D^. Indeed, let D'^ 
be another choice, the 2-chain H = Dr^ — D'^ represents an immersed 2-sphere in M, and 
hence JjjLO = since 7r2(M) = 0. Hence the claim follows. 

Given two contractible fixed points x and y of F, take a path 7 : [0, 1] — >• M with 
7(0) = X and 7(1) = y. Choose two immersed disks Dx and Dy so that dDx = I{x) and 
dDy = I{y). Let us define A : [0, 1] x [0, 1] — ;> M by A(t, s) = Ft{'^{s)) where we assume 
that the boundary of the square [0, 1] x [0, 1] is oriented counter-clockwise and observer 
that aA = -7 + F7 - I{y) + I{x). So F7 - 7 = ^A + dDy - dDx is a 1-cycle and is the 
boundary of S where S is a 2-chain. 

Define the action difference for x and y: 

(2.1.2) 5(F;x,y) = f 

Since 7r2(M) = 0, it does not depend on the choice of S, and hence not on Dx and Dy. 
Let us prove that it does not depend on the choice of 7. 

Denote by the vector field of the flow Ft (see I2.1.ip . Then 

A*^^ = oj(^^tiFais)),-^Ja{s)^ dtAds 
= -dHt (§-/Ms)] dt A ds. 



19 



Hence, 



= / Ht{Ft{x))dt- [ Ht{Ft{y))dt. 
Jo Jo 



Finally, we have 

(2.1.3) 5iF;x,y)= [ oj = [ uj + [ uj - [ oj = Aniv) - Ah{x). 

JT, J a J Dy J D:c 

Equation 12. 1.31 shows that the action difference does not depend on the choice of 7, we 
have completed our claim. Moreover, we also give a relation between the action difference 
and the action function. 

2.1.3. The action function and action difference on the universal covering space. When 
/ = (-Ft)fg[o,i] C Symp^(Af, lli) \ Ham(M, w), the action function (see Definition I2.1.ip is 

not meaningful. However, observing that the universal cover M of M is simply connected, 
the lifted identity isotopy / = (i^t)te[o,i] Symp^(M,a;) of / to M where uj is the lift 
of the symplectic structure uj to M is automatically Hamiltonian since ff^(M,M) = 
(see Theorem 12. ip . Let H be the Hamiltonian function generating the flow /. As before, 
we can define the action function A^{x) for any fixed point x oi F = Fi and the action 
difference S{F; x, y) for any two distinct fixed points x and y of F, and we have the relation 
5{F-x,y) = Ajj{y) - Afj{x). 

Let us see what happens in the the particular case where / is Hamiltonian. Suppose 
that H is the Hamiltonian function generating the fiow I and H is its lift to M. For any 
contractible fixed point x of F and its lift x, we have A^ix) = Ah{x) (see |Pll Theorem 
2.1.C] and [FHH Remark 2.7]). Hence, for any two distinct contractible fixed points x and 
y of F, and their lifts x and y, we have 

(2.1.4) 5{F; X, y) = Aj^iy) - A^{x) = Aniy) - Ah{x). 



2.2. A generalization of the action function. The action difference of two contractible 
fixed points x,y oi F equals to the algebraic area of any path 7 connecting x and y along 
the isotopy /, that is, the area of the path 7 along / swept out. By this observation, we 
would like to generalize such an object to the case where w is replaced by a finite Borel 
measure /u and the Hamitonian isotopy by an identity isotopy / with pa/,/(/u) = 0. 

There is a case where this can be done easily (see |Leclj ). Suppose that / = (-^t)te[o,i] is 
an identity isotopy of M, the time-one map F of I is a diffeomorphism, the set Fixcont,/(-^) 
of contractible fixed points is finite and unlinked, that means that there exists an isotopy 
/' = (-PfOfeici] homotopic to I that fixes every point of Fixcont,/(-^)) the measure S 
M{F) has no atoms on Fixcont,7(-f') and satisfies pMjifJ-) = 0. 

Let N = M \ Fixcont,/(-^), by the method of blowing-up, we can naturally get a com- 
pactification of if we replace each point x G Fixcont,/(-^) by 5a:, the tangent unit 
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circle at x. The diffeomorphism F\i^ can be extended to a homeomorphism F on N which 
is isotopic to identity and induces the natural action by the linear map DF{x) on Sx- 
As /i does not charge any point of Fixcont,/(-^)) we can define a measure on N which is 
invariant by F, denoted also fi. Therefore, we can define the rotation vector in i/i(A^,M). 
The inclusion l : N ^ N induces an isomorphism : Hi{N,M) — t- Hi{N,M). We denote 
by PN.iifJ-) G Hi{N,M) the rotation vector transported by this isomorphism. Let 7 be 
a simple path in N joining a G Fixcont./l-P") and b € Fixcont./l-f")- We can define the 
algebraic intersection number 7 A pNjifJ')- Remark here that 7 A pn,i{p) is independent 
on the chosen 7 because the rotation vector pMjilj) £ i^i(M, M) is zero. Moreover, we 
can write 

7 A PN,i{p) = L{h) - L{a), 

where L : Fixcont,/!-^) — )• M is a function, defined up to an additive constant. We call that 
L is the action function. 

2.3. Our main theorem. It is natural to ask if we can generalize the action to a more 
general case. Let us first analyze what has been done above. The key points of his 
generalization are that -F is a diffeomorphism of M and that there is another identity 
isotopy /' homotopic to I that fixes all contractible fixed points of F. The differentiability 
hypothesis prevents the dynamics to be too wild in a neighborhood of a contractible fixed 
point so that it provides some boundedness condition, which means one can compactify 
the sub- manifold N = M \ Fixcont,/(-F) by blowing-up. It seems to us that keeping the 
boundedness condition is necessary and that is why we define the boundedness properties 
in II. 5i However, in general case, there may not exist such an isotopy /' that fixes all 
contractible fixed points of F. How to deal with this obstacle? The section r2.1.3l reminds 
us that it will be a good idea if we consider the universal covering space M. A key point 
is that we can always find an isotopy I' from Id^ to F that fixes any two fixed points 
of F, where F is the time-one map of the lifted identity isotopy / of / to M (Corollary 
II. It makes us able to define the action difference for every two fixed points of F and 
generalize the classical action. Our main result is following. 

Theorem lO.il Let M be a closed oriented surface with genus g > 1 and F be the time-one 
map of an identity isotopy I on M . Suppose that p is a Borel finite measures on M that 
is invariant by F, has no atoms on Fixcont,/(-F) o-'^d pm,i{p) = 0. In all of the following 
cases 

• F £ Diff(M); 

• / satisfies the WB-property, the measure p has total support; 

• / satisfies the WB-property, the measure p is ergodic, 

an action function can be defined which generalizes the classical case. 
We will prove it in Section O 
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3. Disk Chains 

In this section, we will recall some classical results of the plane and the open annulus, 
and extend some results of Pranks so that we can use them in Section [5j 

Let M be a surface and let h he a homeomorphism of M. A disk chain C oi h in M 
is given by a family {Di}i<i<n, of embedded open disks of M and a family {mj}i<j<„ of 
positive integers satisfying 

(1) if i / j, then either A = Dj or A n Dj = 0; 

(2) for 1 < i < n, n A+i / 0. 

We will write C = {-Di}i<j<n or C = ({-Di}i<i<n) {"ii}i<i<n) in a more detailed way. If 
Di = Dn we will say that {-Dj}i<j<„ is a periodic disk chain. We define the length of the 
chain C to be the integer 1{C) = "^^Zi mi. 

A free disk of /i is a disk in M which does not meet its image by h. A free disk chain 
of /i is a disk chain C = {-Di}i<i<n such that every Di is a free disk of h. 

Recall the following fundamental result: 

Proposition 3.1 (Franks' Lemma [EI])- Let : _^ ^2 

an orientation preserving 

homeomorphism. If H possesses a periodic free disk chain, then H has at least one fixed 
point. 

Recall that A = M/Z x M is the open annulus and T : (x, y) i— t- (x + 1, y) is the generator 
of the covering transformation group. Let h G Homeo^,(A) and -ff be a lift of /i to M^. We 
say that C is a positively returning disk if all the following conditions hold: 

• T^{p) n 5 = for all A: G Z \ {0}; 

• H{D)r\D = 0; 

• there exist n > and A: > such that n T^{D) ^ 0. 

A negatively returning disk is defined similarly but with A; < 0. 

If there exists an open disk that is both positively and negatively returning, then it is 
easy to construct a periodic free disk chain of H. Hence, by Franks' Lemma, we have the 
following result (see |Frlj for the detail): 

Corollary 3.2. If H has an open disk D <Z ^ which is both positively and negatively 
returning, then there is a fixed point of H . 

Suppose that D C A is a free disk of h, we define the following set: 

(3.0.1) RotoiH) = Couv{p/q\peZ and q £ N \ {0}, H^iD) r\TP{D) ^ ^} 

where Conv(A) represents the convex hull of the set A and D is an arbitrary connected 
component of ■k~^{D). Observe here that Rot£)(ff) does not depend on the choice of D. 
By Corollarv l3.'2i we have the following result: 

Corollary 3.3. For every k £ Hotoill) HZ, there exists a point zq such that II(zq) = 

Proof. Choose any connected component D of 7r~^(D). We first suppose that there is an 
integer k such that H'^^D) n T^'i{D) / 0. Note here that this case covers the case where 
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k is a boundary point of Rot/)(i?). Denote by H' the lift H' = T ^ o H oi h. We have 
H"i{b) nD and H'{D) n Z) = since D is free. According to Proposition [STU H' has 
a fixed point Jq, that is, H{zq) = T^{^q). 

We now suppose that there are two rational numbers Pi/qi {i = 1,2) and an integer k 
such that 

• Pi/(li< k < P2/J2 ; 

• Hi^{D)r\TP^{D) / 0; 

• Hi^{D)r\TP''{D) / 0. 
Considering the lift H' = o H, we have 

i/"?i(-D)nrpi-«i'=(5) /0 

and 

Therefore, is a both positively and negatively returning disk of H' . By Corollary 13.21 
H' has a fixed point. We have completed the proof. □ 

Let C = {{Di}i<_i<n^{mi}i<i<n) be a periodic disk chain of h in A. A lift of C for H 
in is a disk chain C = ({-C'i}i<i<n; {"ii}i<i<n) in such that iT{Di) = Di for every i. 

We define the width of the lift C of C to be the integer w{H\ C) = k such that D„ = 
T^{Di). For every p E Z, the disk chain TP{C) = ({T*'(L'j)}i<j<„, {mj}i<j<„) is also a 
lift of C for if since iZ commutes with T. The disk chain 

TP-C = TP™! (^2), rP("'i+"'2) (^3)^ ... ^j^P m (5^)1 
is a lift of C for o H. Therefore, the width of C satisfies 

w{H-C) = w{H;TP{C)) 

and 

w{TP oH-TP ■C)=p 1{C) + w{H; C) 

for every p G Z. 

Using Corollary 13.21 and Corollary 13.31 we have the following lemma. 

Lemma 3.4. Let h S Homeo*(A) and H he a lift of h to E?. Suppose that RotFix(h) (-f^) C 
[— A^, A^] for some N £N, and that there is a disk D in k satisfying H{D) n r'^'(^) / ^ 
if and only if k = 0, where D is any connected component of it~^ (D) , and that a periodic 
disk chain C = ({Z?i}i<i<ni {'^i}i<i<n) of h such that 

(1) = D; 

(2) if Di D then Di is a free disk of h. 
Then, we have 

• \w{H-C)\ < {N + l)l{C) for all lift C of C ; 

• RotoAH) c]-iN + l),N + l[ifD,^D. 
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Proof. Obviously, C = {{D, D}, {1}) is a periodic disk chain of h. 

Fix a connected component D of tt~^{D) and a lift C = {-Di}i<i<n of C for H that 
satisfies Di = D. Define V as the family of all connected components of 7r^^(Dj), 1 < 
i < n. 

Suppose first that w{H;C) > 0, consider the lift H' = H o -^^e have the 

following facts 

• Fix(if') = 0; 

• H'{D)r\D = 0; 

• there is a free disk chain C" in D of length 1 from D to T~(^~'"^)(L') for H' (indeed, 
this disk chain is a lift of C for H'); 

• there is a free disk chain C in P of length /(C) from D to t~^n+i)1{C)+w{H;C) 0^ 
for H' (indeed, this disk chain is a lift of C for H'). 

The first item follows from RotFix(h)(-f^) C [— A^, A^]. The second and third items hold by 
the hypothesis of D. The last one follows from the hypothesis (1) and the property of 
w{H-C). 

If -{N + 1)/(C) + w{H;C) = 0, then C is a periodic free disk chain for H' . By 
Proposition 13.11 H' has a fixed point, which conflicts with the flrst item. If r = — (A^ + 
1)/(C) + w{H; C) > 0, then the disk chain 

cur\c)u---u T^'\c) u r(^+i>(c') u • • • u t^+^{c') 

is a periodic free disk chain for H' . By Proposition 13. II again. H' has a flxed point, which 
still conflicts with the first item. Hence w{H] C) < {N + l)l{C). 

In the case where w{H- C) < 0, replacing H' = HoT-^^+'^^ by H' = HoT^+^, similarly 
to the case wlH; C) > 0, we get w{H; C) > —{N + 1)1{C). The first conclusion is proven. 

Fix a disk Di ^ D and p/q S Rot /).(//). For every s > 1, consider the following periodic 
disk chain of h 

Cs = {Di , • • • , Dj,- ■ ■ , Dj , • • • ,Dn} 

s+1 

with 

{mi,-- - ,mi_i, g, ,g ,mi,--- ,mn-i} 

s 

and its lift for i7 

^, = {51,-- - ,A,rp(A),-- - ,r^^'(A),T^p(A+i),--- ,r^p(5„)}. 

Then we have l{Cs) = /(C) + and w{H; Cg) = w{H; C) + sp. By the first conclusion, 
we get \w{H; Cs)\ < {N + l)l{Cs)- Letting s tend to +oo, we get \p/q\ < + 1. Moreover, 
if p/q = + 1 (resp. p/q = —{N + 1)), according to Corollarv 13.31 then there exists a 
fixed point of h with rotation number + 1 (resp. — (A^ + 1)) for H, which conflicts with 
the hypothesis RotFix(/i) (-f^) C [— A^, A^]. Therefore \p/q\ < A^ + 1. We have completed the 
proof. □ 
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The following Theorem is due to Franks |Frlj when A is a closed annulus and h has no 
wandering point, and it was improved by Le Calvez |Leclj to the case where A is an open 
annulus and h satisfies the intersection property: 

Theorem 3.5. Let h G Homeo*(A) and H he a lift of h to M^. Suppose that there exist 
two positively recurrent points of rotation numbers v~ and u'^ (eventually equal to ±00) 
with u~ < and suppose that h satisfies the following intersection property: any simple 
closed curve of A which is not null-homotopic meets its image by h. Then for any rational 
number p/q €.]i'^,i'~^[ written in an irreducible way, there exists a periodic point of period 
q whose rotation number is p/q. 



4. Extension of the Linking Number 

In this section, we will first extend the notion of linking number defined in 11.4.51 and 
then state some properties about it. 

4.1. Extension of the linking number for a positively recurrent point. 

Recall that F is the time-one map of an identity isotopy / = (-Pt)tg[o,i] on a closed 
oriented surface M of genus g > 1 and F is the time-one map of the lifted identity isotopy 
/ = (i^t)tg[o,i] on the universal cover M of M. For every distinct fixed points a and b of 
F, by Lemma [L2l we can choose an isotopy Ii from Id^ to F that fixes a and b. 

Let us fix 2; e Rec^(F)\7r({a, b}) and consider an open disk U C M\7r({a, b}) containing 
z. For every pair {z',z") £ U'^, choose an oriented simple path ^z',z" in U from z' to z". 
Denote by $ the lift of the first return map 

$ :7r-i(Rec+(F))n7r-i(C/) ^ TT~\Rec+ (F)) mT^\U) 

z ^ 

where z = Tr(z) and r(z) is the first return time in U. 

For any z G tt~^{U), write the connected component of tt~^{U) that contains z. 

For every j > 0, recall that Tj{z) = ^ t{^^{z)). For every n > 1, consider the following 

i=0 

curves in M: 

where i„ G '^~'^{{z])f~\U-^„^~y and Tjn^j^ j is the lift of 7$n(z)^^ in that is contained U^„(j^- 
We can define the following infinite product (see II. ip : 

n 

tt{z)=z 

In particular, when z G Fix(F), T~ = Y\ 

■k{z)=z 

When f^5„(-^^ = U^, the curve F- _ is a loop and hence F- is an infinite family of loops, 
that will be called a multi-loop. When Ur„,~. 7^ 11^, the curve F~ _ is a compact path and 
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hence F- is an infinite family of paths (it can be seen as a family of proper paths, that 
means all of two ends of these paths going to oo), that will be called a multi-path. 

In the both cases, for every neighborhood y of oo, there are finitely many loops or paths 

r~ _ that are not included in V. By adding the point oo at infinity, we get a multi-loop 

h,z 

on the sphere S = M U {00} . 

In fact, r~ can be seen as a multi-loop in the annulus A~-j^ with a finite homology. As 

a consequence, if 7 is a path from a to b, the intersection number 7 A F- is well defined 
and does not depend on 7. By Remark 11.41 and the properties of intersection number, 
the intersection number is also independent of the choice of the identity isotopy Ji but 
depends on U. Moreover, observe that the path {]Xi=o 1^^-i{z),^'^-'^-'^{z))il^"{z),z)~^ is a 
loop in U, we have 

n—1 n—1 

j=0 j=0 

For 71 > 1, we can define the functions 

Ln : ((Fix(F) x Fix(F)) \ A) x (Rec+(F) n [/) ^ Z, 

n-l 

(4.1.2) Ln{F;a,b, z) = 7 A r|^^ = ^ Li{F-a,b, $^(z)). 

j=0 

where U C M \ 7r({a, 6}). The last equation follows from Equation 14.1.11 The function 
Ln depends on U but not on the choice of 7$n(2)^2. 

Definition 4.1. Fix z G Rec+(F) \ 7r({a,6}). Let us say that the linking number 
i{F;a,b,z) G M is defined, if 

hm ^^^-i^#il = z(F;5,6,z) 

for any subsequence j^""*^ (z)}fc>i of {<^"(z)}„>i which converges to z. 

Note here that the linking number i{F;a,b,z) does not depend on U since if U and U' 
are open disks containing z, there exists a disk containing z that is contained in U D U' . 
In particular, when z G Fix(F) \ 7r({a, 6}), the linking number i(F]a,b,z) always exists 
and is equal to Li{F;a,b, z). 

Remark 4.2. When z G Rec~'"(-F) \ Fixcont,/(-^)) the linking number i{F;a, b, z) depends 
on the choice of a and b if it exists. Indeed, consider the following smooth identity isotopy 
on M^: I = (F()jg[o,i] • (^1 u) {^,11 + t sin(27rrE)). It induces an identity smooth isotopy 
/ = (Ff)ig[o,i] on T2 = M/Z X M/Z. Obviously Fix(F) = {(x, y) \ x = k, x = k + l/2, k£ 
Z} and z = (1/4, 0) G is a fixed point of F but not a contractible fixed point of F. Let 
Ofc = {k, 1/2) G where fc G Z. It is easy to see that i{F;aQ,ak, z) = k and 7r(afc) = i^ijik') 
where k, k' G Z. 
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4.2. Some properties of the linking number. Now we give some properties of the 
linking number we have defined. 

For any q > I, F'^ is the time-one map of the identity isotopy = {Ft)t£[o,q] By 
Lemma 18.11 in Appendix, a positively recurrent point of F is also a positively recurrent 
point of F"^, so we can define the linking number i{F'^,a, b, z). 

Proposition 4.3. If i{F;a,b, z) exists, then i{F'^;a,b,z) exists for every q > 1 and 
i{F'';a, b, z) = qi{F;a, b, z). 

Proof. Let 7 be any simple path from a to 6 and /i be an isotopy that fixes a and b. We 
suppose that i{F;a,b,z) exists. Let U be an open disk containing z. For every q > 1, 
write respectively t'(z) and ^'(z) for the first return time and the first return map of F'^ 
in this proof. Recall that 

n-l 

and 

it{z)=z 

where is the lift of <&' to 'k~^{U), 'zn G '^"'^{{z}) n U-^i„fj^ and 75^(^)2 is the lift of 

7$'"(^),2 that is in U:^,n^-^. 

We suppose that the subsequence (^;)}a;>i converges to z. For every there is 
S N such that t„,j^(-z) = Qt'tiS^)- By Definition 14.11 for any subsequence {^'^''{z)}k>i 
which converges to z, we have 



hnr = lin, 



q ■ lim 



(z) 

Ln'AF;a,b,z) 
q ■ lim — 

fc— i-+oo T^i^{Z) 

qi{F;a,b,z). 



□ 



Proposition 4.4. For every a & G, every distinct fixed points a and b of F , and every 
2; € Rec"''(F) \ 7r({a, 6}), if i{F;a,b, z) exists, then i{F;a(a),a{b), z) also exists and 

i{F; a(a),a{b),z) = i{F]a, 6, z). 

Proof. Let 7 be any simple path from a to b. Observe that the isotopy = a o Ii o 
fixes a(a) and a{b), 7 A F- _ = 0(7) A F~, for every n. The proposition follows from 
Definition □ 
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Let H be an orientation preserving homeomorphism of M and H he a, lift of to M. 
Consider the time-one map H o F o of the isotopy I' = H o I o and write the 
time-one map of the identity isotopy I ' as H o F o H , where / ' is the Hft of /' to M. 
Similarly to the Proposition |331 we have the following result: 

Proposition 4.5. For every distinct fixed points a, b of F and every z G Rec'''(-F) \ 
7r({a, 6}), if i{F;a,b, z) exists, then i{H o F o H~^; H(a), H{b), H{z)) also exists and 

i{H o F oH-^;H{a), H{b),H{z)) = i{F;a,b, z). 

Proposition 4.6. For every distinct fixed points a, b andcofF, and every z S Rec^(-F)\ 
7r({a, 6, c}), if two among the three linking numbers i{F;a, b, z), i{F; b,c, z) and i{F;c,a, z) 
exist, then the last one also exists and we have 

i{F; a, b, z) + i{F; b, c, z) + i{F; c, a, z) = 0. 

Before proving Proposition 14.61 we introduce some notations and recall some results of 
the annulus. 

If {7j}i<j<fc and {7j}i<j<fc' are two finite families of loops or compact paths in S = 
MU {oo} such that 0^=1 7« 11^=1 7j ^^^^ defined (in the concatenation sense) (see 
II. 1|) and the algebraic intersection number ^HiLi li^ (11^=1 7j) well defined (see ll.2p . 
then we formally write 

ffl7.)Mfl7A=E7.A7j. 

\i=i / \j=i J i,j 

Recall that A = M/Z x M is the open annulus and T : (x, y) i— )• (x + 1, y) is the generator 
of the covering transformation group. If I = (/;-t)tg[o,i] with h^ = hi = Ha is a loop 
in Homeo*(A), write G 7ri(Homeo*(A)) for the homotopy class of /. Recall that 
7ri(IIomeo*(A)) ~ Z. Therefore, we may write 7ri(Homeo*(A)) = Ufcez^^ where "^fc is 
the class which satisfies that for every S "^fc, any lift / of / to the universal covering 
space A satisfies /ii(2) — /io(2) = T^(z) for every z S A. 

Proof of Proposition \4 -61 Suppose that 71, 72 and 73 are oriented simple paths from a to 
6, 6 to c and c to a, respectively. We choose isotopies Ij {j = 0, 1, 2, 3) such that Ii fixes 
a, b and 00, I2 fixes 6, c and 00, Is fixes c, a and 00, and /q fixes a, b and c. 

For every z £ M \ vrda, b, c}), every lift z of z, every j G {1,2,3} and every n > 1, the 
path lQ(z){Ij'(z))~^ is a loop where (/"(5))~^ is the inverse of the path I"'(z). We claim 
that 

(4.2.1) 7, A (jSmifil))-') = 7, A iSiz) - 7, A I^il) = n • (7, A 7o(oo)). 

Indeed, let Kj (j = 1, 2, 3) be respectively S \ {a, 6}, S \ {6, c| and S \ {c, a}. For every 
n G N, considering the loops IJ Iq C Homeo*(Aj) (see ll.l.T]) where is the inverse of 
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Jo, we have [/_■ "/nii G ~ , (?' = 1,2,3) where '^l is a class in 7ri(Homeo^,(A,)). 

■' J ^ ' n-l-7,' A/nloon " ^ J'' 



n-(7jA7o(oo)) 

Observing that (lpl^)(z) = I^{z)(^{7))-^ , the claim [OH fohows. 



In the case where z £ Fix(F) \ 7r({a, b, c}), for every lift z of z, we have 

7j A 7o(F) - 7j A 7j (?) = 7j A 7o(oo) (i = 1, 2, 3). 

_ _ 3 _ 

Write for the set of points z G ^"^{{z}) such that Ij{z) n |J 7j' 7^ for every j. 

j'=i 

As all Ij fix 00, we know that Cz is finite. 
Recall that 

z(F;a,6,2;) =71 AT- ^^, 6, c, z) = 72 A T- and c, a, 2) = 73 A 

where 

ft= n ^.(^ a =1,2,3). 

■it{z)=z 

Observe that 

3 3 3 _ 

E E ^ ^o(^) = ^ ^o(J) = 0, ^ ^o(oo) = 

j=l zGCz zGC^ j=l j=l 

and 

7, A f i = 7i A n ^J-(^) = E T^J- ^ ^^-^^ = 1' 2' 3). 

■k(z) = Z ZdCz 

We get 

a, 6, z) + 6, c, z) + c, a, z) 

3 _ _ 

= - E E (^i ^ - ^ 

3 

= - E Et^j^^o(°°) 

Jgc, i=l 

= 0. 

Hence we have proved the proposition in this case. 
In the case where z € Rec^(-F) \ Fix(F), recall that 

f|^^ = V"(^)(?)75„(,),,„(0<,<3), 

where G 7r"^({z}) n ?75„(~) and 75n(j)_j'^ is the lift of 7$n(2) ^ in C/jn^--,. For every 
1 < j < 3, we have F- _(F2 _)~-^ is a loop where (F- _)~^ is the inverse of the path F~ _ . 
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Therefore, for every lift z of z and n > 1, we have 

^ (f 7o,#i.)~0 = 7. A - 7, A = r^z) • (7, A 7o(oo)) (, = 1, 2, 3). 

For every n, write CJ* for the set of points z G 7r~^({2;}) such that F- _ n U 7j 7^ ^■ 

Here again, we know that C" is finite. 
Recall that 

L„(F;o,6,z) =71 Af2 L„(F; 5,?, = 72 A and = 73 A f S 

Ji,2- 

where 

n ff,,.- 

7r(2) = Z 

Then for any subsequence j^"-*: (z)}fc>i which converges to similarly to the fixed point 
case, we get 



(4.2.2) 



Ln^ {F; a, b, z) + L^^^ (F; 6, c, z) + (F; c, a, z) 



3 



3 _ 
= - 5^7jA/o(oo) 

= 0. 

Letting A; — )• +00 in Equation 14.2.21 we have completed the proposition. □ 



5. BOUNDEDNESS AND EXISTENCE OF THE LINKING NUMBER 

This section is divided into two parts. In the first part, we study the boundedness of the 
linking number when it exists. In the second part, we study the existence and boundedness 
of the linking number if the map F preserves a measure on M. The tools we will use are 
Franks' Lemma and Birkhoff Ergodic Theorem. 

5.1. Boundedness. In this section, let a and b be two distinct fixed points of F. We 
suppose that / satisfies WB-property at a and b. By Lemma II. 8| there is a positive 
number N~r such that Rot^. ,p ^(F~r) C \-N~j,N~r\. 

a,b iix(i<_jj)\ a,b' L a,b^ a,b' 

Fix an isotopy Ii from Idj^ to F which fixes a and b. Let 7 be any oriented path in 
M from o to b. Fix an open disk W that contains 00 and is disjoint from 7. We choose 
an open disk V C W that contains 00 such that for every z £ V, we have Ii(z) C W. 



30 JIAN WANG 

Observe that if oo is a given lift of oo in A~j^, if W (resp. V) is the connected component of 

'rr~^{W) (resp. tt~^{V)) that contains oo, then we have F~^{V) C W, which imphes that 

V is free for every other hft F~-^o T^~, where A; € Z \ {0}. Let A'^ denote the complement 

of a set A. For every z e M\ 7r{{a,b}), write = 7r^^{{z}) D {V D F~j{V)Y. Observe 

that there exists K~j^ £ N such that '^X^ < for every z £ M \ 7r({a, b}). 

In the case where z £ Rec+(F) \ Fix(F), we choose an open disk U that contains z 
and is free for F. As the value i{F;a, b, z) depends neither on 7 nor on U, we can always 
suppose that 7 n 7r~^(?7) = by perturbing 7 a little and shrinking U if necessary. For 
every n > 1, write 

X^ = 7r-\{z, F{z), • • • , n{Vn F-i{V)r. 

Observe that JjX^ < r„(z)X'~^. 

The following result is the main proposition of this section. 

Proposition 5.1. The following two statements hold: 

. Ifz G Fix(F) \7r({5,6}), we have \i{F;a,b,z)\ < K^~^{N^~^ + 1) . ^ 

• If z £ Rec'^(F) \ Fix(F) and i{F;a,b,z) is defined, then \i{F;a,b, z)\ < K-^Kjj, 
where Kjj £ N depends only on U . 

In order to prove Proposition 15.11 we consider two cases: the fixed point case and the 
non-fixed point case. The first case is more easy to deal with and the second case is a 
little more complicated, but the ideas are similar. 

The fixed point case. 

When z £ Fix(F) \ 7r({a, 6}), then t{z) = 1 and i{F;a,b,z) = Li{F;a,b, z), we have 
the following results. 

Lemma 5.2. If z £ Fixcont,/(i^) \ vr({a,6}), then \i{F;a,b, z)\ < K~j^N~j^. 
Proof. By Definition 14. II and Lemma 11.61 we have 

i{F;a,b,z)= V (2) = V ]?_ (^) • 



a,b' a, fa 

■k{z)=z Z&Xz 



The lemma follows from the fact that t,Xz < K~z and that Rot„. ,^ \(F~r) C \ s,~ , 



a,b> 

□ 



Lemma 5.3. If z £ Fix(F) \ Fixcont,/(i^), then b,z)\< K^~^{N~~^ + 1) 

Proof. We have 

iiF;a,b,z)=jAfl^^= ^7A/i(i). 
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Observe that if z G Xz, then the trajectory of Ii{z) is not included in V . Therefore we 
can write the multi-path Hjgx -^i(20 finitely many sub-paths: 

n h{z) = n ri(^), 

2GX^ l<i<P{z) 

where 

0<j<m^[z) 

is a path with Zi £ X^Ci V, Fl~(zi) £ X^CiV'' for I < j < m} and F^~{zi) £ V. For every 

i, we get a periodic disk chain Cj = {{V, V}, {m''}) whose length l{Ci) is equal to m* (see 
Section [3D. 

Obviously, Y.i < -f'^- fe- Let A:*(z) = 7 A Fj. We have i{F;a,b, z) = 7 A = /c*. 
Therefore, to get the lemma, it is sufficient to prove that |/c*| < m^[N~j^-\- 1). 

For every i, the path Fj is lifted to a path from a point % £V io FJJ-Czi) E T^~{V) and 

hence we get a lift = i{V,T^~{V)},{m^}) of for F~-^ with width i(;(F~^;C'i) = k\ 

By the construction of V, replacing A by h by i/ by D by y and C by Ci 
in Lemma l3.4| we get < m^[N~j^ + 1). We have completed the proof. □ 

The non-fixed point case. 

Let z £ Rec"'~(-F) \ Fix(F) and U be an open free disk for F that contains z. Recall 
that, for every lift z of z and every n > 0, there is a unique connected component C^jn^j) 
of 7r"^(C/) such that <^"(z) € t^$n(2) a-iid a unique a^^n G G such that U-^„f^~-^ = az^n{Uz)- 
For convenience, we define 



F^^^(F) if vr(r)G{z,--- 

a,^„(I) if 7r(F) = F-'^W-i(^)andKj^(F)G^„^,„(j). 



and 

^ - Vi(?')%,(,o,«.,„(i) if = F^-^'^-Hz) and £ 

where 7j?_ .j,-, „ is the lift of 7*"(2),2 that is in 

We have to consider two cases: az^n = e and a^^n / e. First, we consider the case where 
Oiz,n 7^ e. We have the following lemma. 

Lemma 5.4. If az,n + e, then |L„(F; a, 6, z)| < Tn{z)K~r^{N~r^+ 1). 

Proof. In this case, the curve F~ is a multi-path in M. By the definition of Ln{F;a, b, z), 
we have 

L„(F;S,6,z)=7Ar|^^= ^ 7A7^(r). 
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We can write the multi-path 

(5.1.1) n ^^(2^')= n rr(^), 

z'ex^ i<i<p„{z) 

where 

(5.1.2) fnz)= n 

0<i<m,\(2) 

is a path with Zi £ n V, F*i(zi) GXr^nV" for 1 < j < mj, and " (i^) G F. Hence, 
for every i, we get a periodic disk chain Cj that satisfies the hypothesis of Lemma [3.41 with 
length m^. When we lift the path T^, we can get a lift of Cj for F~-^ with width /cj^. 

Obviously, we have J2i "^n < '^'^^ab' ^ni^) = 7 A F". Hence Ln{F] a, 6, z) = ^ • /cj^. 
It is sufficient to prove that < m]^{N~^ + !)• 

Similarly to the proof of Lemma [531 replacing A by h by H by -f"-^, -D by F 
and C by Cj in Lemma [3. 4[ we get < m^^{N~-^ + 1). This proves the first case. □ 

As a consequence, we have the following proposition. 

Proposition 5.5. We suppose that i{F;a,b,z) and pm,i{z) exist, then 

\i{F-a,h,z)\<K^^~^{N^^-^ + l) if pM,/(^)/0. 

Proof. If z G Fix(i<') and pM,i{z) ^ 0, then z is not a contractible fixed point and the 
conclusion follows from Lemma 15.31 Suppose now that z £ Rec+(F) \ Fix(F) and U C 
M \ Fix(F) is a free open disk containing z. If pm,i{z) ^ 0, then there exists a positive 
number N such that Uz^n 7^ e when n > N (see ll.3.2]) . In that case, the conclusion follows 
from Lemma [5. 4[ □ 

Let us study the case where az^n = e. 
Lemma 5.6. There exists a positive integer Kjj which depends on U such that 
\Ln{F;a,b,z)\ < Tn{z)K~-^Ku if a^,„, = e. 
Before proving Lemma [5.61 we require the following lemma. 
Lemma 5.7. Let U be any connected component of 7r~^{U) in V^. If 

Rot^(F~^)^]-(iV,_^+l),iV,^^ + l[, 

then we have 

(1) Oz'^n = e for all z' G Rec~'"(F) n U and all n > 1; 

(2) U>i^'(vr-nRec+(F)) nU) C V^; 

(3) Rot^(F~^) c]l,l + l[ for some integer I with I > N~-^ + l or I < -{N~-^ + 2) where 
I depends on U . 

Let us prove now Lemma [5.61 supposing Lemma [5 . 71 whose proof will be given later. 



33 



Proof of Lemma \5. 61 As „ = e, the curve T~ is a multi-loop in M. Let Pni'^) = 

7 A r~ _ where z E 7r~^(2;). Obviously, p„(2)/t„(z) G Rot^x (F~t). 

Let us first analyze the possible cases that need to be considered in the proof. The 
set X" maybe contain a "whole orbit" of some lift z of z, that means F^{z) G for all 

< J < Tn{z), or a "partial orbit" of z. In the case where a "partial orbit" of z is contained 
in X^, similarly to the proof of Lemma l5.3|. we can get a periodic disk chain of F~-j^ that 
satisfies the hypothesis of Lemma 13.41 and hence we can estimate the intersection number 
of 7 and the path on which the "partial orbit" of z lies. In the case where the "whole orbit" 
of z is contained in X", we can use Lemma [5.71 to get either \pn{z) / Tn{z)\ < + 1, 

or / < pn{z)/Tn{z) < / + 1 where / G Z depends on U and satisfies / > A''-^ + 1 or 

1 < ~i^ab ~'~ Finally, we only need to sum the intersection numbers of all the cases 
above. 

Let us begin the rigorous proof. Write 

= {Ie n-\z) I F^{z) G for all < j < t„(z)} 

and 

Y,^ = {F^{T) \ I e S:,0 < j < Tn{z)}. 

As before, we write 

L4F;a,b,z)=^Afl^^= 7 AlUz')- 

We can write the multi-path as follows 

n m^')= n mz')- n ^1(2^0= n n ^^(z), 

z'eX^ z'&^ z'&XZ^\Y^ l<i<P;,{z) PL{^)<i<Pn{z) 

where 

0<3<ni\{z) 

for 1 < i < P'n with % G 5" and = r„; and 

(5.1.5) fr(z)= n 

for P^<i<Pn with 2^ G AT^ n F, G A^ n for 1 < j < mj, and " (zi) G 

Obviously, "^-n < Tniz)K~-^. Let = 7 AL^. Hence LniF;a,b,z) = Y^iKi- To 

prove Lemma 15.61 it is sufficient to prove that there exists a positive integer Ku which 
depends only on U such that < m\^Ku. 
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When 1 < i < -P^, by Lemma 15.71 and the fact that < K--^, there exists a positive 
integer r that depends on U such that Rot^^ (-^5 ["'^i ''']■ Observing that k^^ = Pn(zi) = 
7 A _ , = r„, and k\lm\ = pn{zi)/Tn{z) £ Rot^^ (^5 we have < 



m„r. 



When i-*^ < i < Pn^ similarly to the proof of Lemma 15.31 we can get \kl^\ < m''^{N~-j^ + 1) . 
Let Kjj = maxjA'^^ + 1, r}. We have | A:Jj| < m\Ku for every 1 < i < P^ and hence 



|L„(F;a,6, z) 



We have completed the proof. □ 

Proof of Lemma \5. 7\ (1). Suppose that there is a point z' G Rec'^(F) n U and some 
no > 1 such that a^'.no 7^ Let z' be the lift of z' that is in [/. Similarly to the proof of 
Lemma l5.4|, we can find a path 

0<i<-mj,(,(^') 

which satisfies G X^'" n V, F*l{%) G n V" for aU 1 < j < m^^, = F*^\zi) for 

some 1 < jo < "i^jj, and F_~"° (zi) G F. Hence, we get a periodic disk chain C that 
contains C/ as an element and satisfies the hypothesis of Lemma [3. 4[ Replacing A by A~-j^, 
h hy F~-^, H hj F~y D hy V and C by C" in Lemma 13.41 (the second conclusion), we get 
Rotjj(F~^) (Z]- {N~i+l),N~i + l[. We have a contradiction. 

(2) . Suppose that there is a point z' G 7r^^(z') n U where z' G Rec"'"(F) and an 
integer no > 1 such that G V. By (1), it is sufficient to consider the case where 
f*2',n = e for all n > 1, that means, F'^^'^^'^ (z') G U for all n > 1. We choose a positive 
integer ni large enough such that r„j(z') > no. We have F'^'n(^')-"o(j?"o(j'^) g [/_ 
Then jve get F^"i(^')-"o(y) n ?7 / and n F / 0. Therefore, the disk chain 
({F, [/, y}, {r„j (z') — no, no}) is a periodic disk chain that satisfies the hypothesis of 
Lemma [331 Applying Lemma [33] again, we get Rotj^(F~^) c] — + 1),A''~^ + 1[. It 
is still a contradiction. 

(3) . This follows from Lemma 13.41 immediatelv. □ 

Proof of Proposition I5.il This follows from Lemma[521 Lemma[531 Lemma[531and Lemma 
[521 □ 



In the end of this section, we study the boundedness in the case where the time-one 
map F of I satisfies some differential conditions. 

Proposition 5.8. For any two distinct fixed points a and b of F, if F and F^^ are 

differentiahle at 7r(a) and vr(6), then there exists N G R. such that \i{F;a,b,z)\ < N if 
i{F;a,b,z) exists. 
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Proof. We make a proof by contradiction. If it is not true, without loss of generahty, we 
suppose that there is a sequence {zk}k>i C Rec"'"(F) such that hm i{F;a,b, Zk) = +00. 

By the proof of Lemma 15.61 and the conclusion (1) of Lemma 15.71 we have Oiz^,n = s 
for every n > 1 when k is large enough. Hence Zk € Rec'''(-F) \ Fix(F) when k is large 
enough where G 7r~^{zk)- By the proof of Lemma 15.61 and the conclusion (2) of Lemma 
15.71 we only need consider the lifts z^ of Zk whose whole orbit is in when k is large 
enough. However, such lifts are finite (at most K~^). This implies that there exists a 

sequence {ifc}fc>i with ifc G 'K~^{zk) such that lim Pa ^ B --(2fc) = +00, which conflicts 

fc— >+oo 5,6' a,i) 

with Lemmall.9[ □ 



In Example 18.21 of Appendix, we will construct an identity isotopy / of a closed surface 
such that / satisfies the B-property but its time-one map is not a diffeomorphism and there 
are two different fixed points zq and zi of F such that the linking number i{F; zo,zi, z) is 
not uniformly bounded for z G Rec"'"(F) \ 7r({2o)?i})- 

In order to study the boundedness and continuity of the generalize action in the next 
section, we need the following proposition: 

Proposition 5.9. Let F G Diff^(M) he the time-one map of I and P C M be a connected 
compact set. There exists Np > such that, for every two distinct fixed points a and b of 
F in P, and z £ Kec~^{F)\TT{{a,b}), we have \i{F;a,b, z)\ < Np when i{F;a,b, z) exists. 

Proof. We make a proof by contradiction. If it is not true, without loss of generality, we 
suppose that there is a sequence {(Sfc, &A:)}fc>i C Fix(F) x Fix(F) \ A and a sequence 
{zk}k>i where G Rec"'"(F) \ 7r({afc, b^}) such that lim i{F;ak, b^, z^) = +00. As P is 

~ fc— >+oo 

compact, by extracting subsequences, we can suppose that there exist two fixed points a 
and 6 of F in P such that lim ak = a and lim hk = b. 

We identify the sphere S as the Riemann sphere C U {00}. Recall that / = (i^t)tg[o,i] is 
the lifted identity isotopy of / on the universal cover M of M. Replacing Vj, Wi {i = 1, 2, 3) 
by vi{k,t) = Ft{ak), V2{k,t) = Ft{bk), wi{k,t) = 0^, W2{k,t) = hk, V3{k,t) = W3{k,t) = 00 
(t G [0, 1]) in the matrices in the proof of Lemma 11.21 we get the matrix functions at{k), 
bt{k), ct{k) and dt{k). 

Let 

ct[k)z + dt[k) 

and 

h{z){t)=Mk{t,Ft{z)). ^ 

By the construction, 1^ is an isotopy on M from Idj^ to F that fixes and b^. 
Similarly, we can construct 

^'^'^'^-m^TWr cmz+d'm 

and _ _ 

l'k{z){t)=M'k{t,Ft{z)), ll{z){t)=Ml{t,Ft{z)) 
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such that I'^ (resp. I^) is an isotopy on M from Idj^ to F that fixes a (resp. h) and 

(resp. As Ik (resp. /'^, I'j^) fixes cx), we have ct{k) = (resp. ^(A;) = 0, c'l{k) = 0) 
and at{k) dt{k) ^ (resp. a[{k) d[{k) / 0, a'^{k) d'l{k) / 0) for all t £ [0, 1] and k > 1. 

Fix an open disk W = {z £ C \ \z\ > p} that contains oo and is disjoint from P. 
As lim ak = a lim bj. = b and all of the matrix functions above are continuous on 

fc— >+oo k—^+oo 

P X [0, 1], it is easy to see that the norms of these functions have a maximal value Pmax > 
and a minimal value Pmin > 0. Define the open disk 



V = lz€C 



I - (p + l)p„ 



Obviously, V C W containing oo and for every z £ V, we have Ik{z) C W, I'^iz) C W 
and I'kiz) C W for all k>l. Let a' and 6' be two distinct fixed points of F in P. As the 
linking number i{F;a', b', z) does not depend on the choice of 7 that joins a' and b' (see 
14. ip . we can suppose 7 C P in this proof when we talk of the linking number i{F;a' , b' ,z). 
For W and V here, Lemma 15.61 and Lemma 15.71 are still valid. 

As F G Diff^(M), by Proposition 11.11] / satisfies the B-property. Consider the annulus 
^^kb^' Similarly to the proof of Proposition \5.8\ we have Zk S Rec~'"(F) \ Fix(F) where 
ifc G 7r~^{zk) when k is large enough. 

For every k, we choose an open disk Uk containing z^. Let ^ki^) be the first return 
map oi z £ Uk and r(/E, z) be the first return time of z in this proof. Recall that t„(/c, z) = 

ErroV(fc,$,(z)). 

In the proof of Proposition 14. 6| we have proved that, for every k and any subsequence 
{^>^' (zfc)}i>i which converges to z^, we have 

, Lni{F;a,ak,Zk) + Lni{F;ak,bk, Zk) + L^, (F; 5^, 6, Zfc) _ 

On one hand, by the definition of linking number, we have 



i{F;ak,bk,Zk) = lim 



Lni{F', Ofc, Zfc) 



l-^+oo Tni{k,Zk) 

As lim i{F;ak, bk, Zk) = +00, we have that, for any > 0, there is i^Ar G N such that 
when l,k > Kjsf, 

(5.1.7) L„,{F;ak,bk Zk) ^ ^_ 

Tni [k, Zk) 

On the other hand, let us study and when I and k are large 

enough. By the proof of Lemma 15.61 and the conclusion (2) of Lemma 15.71 we only need 
consider the lift Zk of Zk whose whole orbit is in when k is large enough. Note that 
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such lifts are finite. Observing the proof of Proposition II . Ill there exists A^' > such that 



Lni{F;a,ak,Zk) 



Tni 



< N' and 



Lni{F;bk,b,Zk) 



Tfii {J^i Zk) 



< N' 



when k and / are large enough, which conflicts with Equation 15.1.61 and Inequation 15.1.71 
We have completed the proof. □ 

In Example 18.31 of Appendix, we will construct an identity isotopy / whose time-one 
map is a diffeomorphism but not a C^-diffeomorphism, that does not satisfy the conclusion 
of Proposition 15.91 



5.2. Existence and Boundedness in the conservative case. 

Proposition 5.10. Suppose that I satisfies the WB-property at a and b. If G A4{F) 
satisfies /i(7r(a)) = /i(7r(5)) = 0, then fi-almost every point z £ Rec"'~(F) has a rotation 
vector pm,i{z) € i7i(M, M) and has a linking number i{F; a, b, z) G M. There exists C > 
such that, for every point z such that pM,i{z) exists and is not equal to zero, one has 
\i{F;a,b, z)\ < C if this linking number exists. 

Proof. According to Poincare Recurrence Theorem, we have piJ{.ec^{F)) = /x(M). 

When z € Fix(F) \7r({a, 6}), by Section [1.3.21 and 15. H pm,i{z) and i{F;a,b,z) exist 
and are bounded. Thus we only need to consider the non-fixed point case. 

Fix a free open disk U C M\ iT{{a,b}) with^/i(C/) > 0. For any z G Rec+(F) n U, by 
Lemma 15.41 and Lemma 15.61 we have \Li{F;a,b,z)\ < t{z)K~-^[N~-^+ 1) if Uz^i 7^ e and 

\Li{F;a,b, z)\ < t{z)K~^Ku \i az,i = e. This implies that a, z) G L-'^(C/, M, /i). By 

Birkhoff Ergodic Theorem, we deduce that the sequence {L„(F; o, 6, converges 
to a real number L*{F;a,b, z) for //-almost every point on Rec~'"(F) n U. Recall that, 
for //-almost every point on Rec~'"(F) n U, the sequence {Tn{z)/n}^^^ converges to a real 
number t*{z) (see 11.3.2]) . 

We can define the linking number on U as follows (modulo sets of measure zero): 

^ r Ln{F;a,b,z) L*{F;a,b,z) 
(5.2.1) t[F;a,b,z)= Inn — 



7i-s>+oo Tn{z) T*{z) 

By Proposition 15.11 the linking number i{F;a,b, z) has a bound Kjj for /i-almost every 
point z G Rec'^(-F) CiU. As U is arbitrarily chosen, this implies that we can define the 
function i{F;a, b, z) for /t-almost every point 2; G M \ 7r({a, 6}). 

Finally, by Proposition 15. 5| we can uniformly bound i{F;a, b, z) if pM,l{z) 7^ 0. □ 

Remark here that, under the hypothesis of Proposition 15.101 i{F;a, b, z) is bounded on 
U , but does not necessarily possess a uniform bound on M \ 7r({o, 6}) (see Example 18.21 in 
Appendix). However, when F is a diffeomorphism of M (see Proposition 15 . 8p . we can get 
a uniform bound. Moreover, we can get a uniform bound in the case where the support 
of the measure is the whole space, as stated in the following proposition. 
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Proposition 5.11. With the same hypotheses as Proposition \5.l0l and if furthermore 
fi G A^(F) has total support, we have \i{F;a,b, z)\ < K~^(AL~+ 1) if it exists. 

Proof. The measure fi may naturally be lifted to a (non finite) measure Ji on M. Since 
H does not charge vr(a) and TT(b), Jl can be seen as a measure on invariant by 

satisfying /I(^~^) = +oo. As the support of /I is M and preserves the measure Jl, the 

homeomorphism satisfies the intersection property, that is, any simple closed curve of 

A~-j^ which is not null-homotopic meets its image by F~-^. Indeed, any closed curve which 

goes through oo will meet its image by F-^ since F-^ fixes the point oo. If the closed 

curve does not pass through oo, we may go back to M and consider a component enclosed 
by the closed curve which contains a or b and which has finite measure, then it will meet 
its image since F preserves the measure Jl. 

In the case where z G Fix(F), it is obvious that i{F;a, b, z) is uniformly bounded. 

Choose any free open disk U C M \ Fix(F), according to Lemma 15.41 we only need to 
consider the points z S Rec~'^(F) n U such that az,n = e for n large enough. We suppose 
that z is a such point and i{F;a, b, z) exists. We go to the annulus for any lift z of 

7Ar^ ^ 

z, then we have p. ? (20 = hm — A^. 

We claim that, for any e > 0, |i(F;a, 6, z)| < (A2^+ 1 + ^)^ab' Otherwise, without 
loss of generality, we can suppose that i{F;a,b,z) > {N~-j^ + 1 + e)K~j^. Then there 
exists a number A^ large enough such that for every n > N, there is a lift Zn of z in 

satisfying > A^^ + 1 + e. This implies that there exists a lift z of z in such 

that _ _(?) > A'-^ + 1 + e > A"-^ + 1. By the fact _ p ,.(00) = and according 

5,6' a,b ' ' a,£i' a,b 

to Theorem 13.51 F~-j^ has a fixed point whose rotation number is A^^ + 1, which is a 
contradiction. This proves the claim. 

As e is arbitrarily chosen, we get \i{F;a,b,z)\ < K~'^{N~'^ + 1). □ 

The function i{F;a,b,z) is not necessarily /z-integrable (see Example 18.21 in Appendix). 
But in some cases, as we have stated above, where the time-one map F is a diffeomorphism 
of M, or I satisfies the WB-property at a and b, and /i is ergodic (because it is constant 
H-a.e.) or the support of /x is the whole space, the function i^{F;a,b,z) is /x-integrable. 

Suppose now the function i{F; a, b, z) is /i-integrable. We can define a function as follows 

(5.2.2) i^{F;a,b)= [ ^ i{F;a,b, z) dfi. 

JM\n{{a,b}) 

From Propositions 14.31 and 14.41 we get the following corollaries immediately: 
Corollary 5.12. We have ii^{F'^;a,b) = qifj_{F]a,b) for all q> 1. 
Corollary 5.13. We have i^{F;a(a),a{b)) = i^{F;a,b) for any a £ G. 



39 



Let H be an orientation preserving homeomorphism of M and H he a, lift oi H to M. 
From Proposition 14.51 we get the following corollary. 

Corollary 5.14. We have iH,(f^){H o F o H H{a), H(b)) = i^{F-a,b). 



In the end of this section, we will give the integral 15.2.21 a geometric description when 
F and F~^ are differentiable at vr(a) and 7r(6). Before that, let us introduce a definition. 



Let A = X [0, 1] be a closed annulus and let T be the generator of the covering 
transformation group vr : A — t- A where A = M x [0, 1]. Suppose that J = {ht)te[o,i] is an 
isotopy of A from Ma to h, u is a Borel measure {ly is admitted to be an infinite measure 
here) invariant by h on A. Let 7 : [0, 1] — )• A be a simple oriented path which satisfies 
7(0) e X {0}, 7(1) E X {1} and Int(7) C Lit(A). Denote by S' : [0, 1] x [0, 1] ^ A 
the 2-chain S'(s,t) = hj^{j{t)) and by = {z £A \ z = h~'^{-f{t)),{s,t) G [0,1] x [0,1]} 
the support of S'. When 2^(7) = 0, the intersection number 7 A J{z) is well defined for 
z/-almost every z on A. Define the algebraic area of the 2-chain S' in A, that is, the 
algebraic area (for u) "swept out" by UsGfoil ^7^(7)) follows 



Jt.' J a 



7 A J(z) dv. 



When z^(|S'|) < +00, the integral is well defined. Indeed, there exist a number > such 
that I7 A J{z)\ < N since A is compact. Obviously, 7 H J{z) 
Therefore, 



du 



< 



I7A J(z)|di/ < z^(|S'|)iV < +00. 



Let H be the lift of h that is the time-one map of the lifted identity isotopy J of J, 
7 be a connected component of 7 in A and ? be the lift of to A. Let D' be the closed 
region between H~^{^) and T{H~^{j)) which is a fundamental domain of T. We have 

(5.2.3) [ dz^ = /" 7 A J{z) du= / 7 A J(i) dV 
Jt.' Ja Jd' 

which does not depend on the choice of 7. 

Denote by S = /i* S' : [0, 1] x]0, 1] A the 2-chain S(s,t) = h~^{h{j{t))) and suppose 
that z^(|S|) < +00. Let D = H{D') be the closed region between 7 and Ti^) which is also 
a fundamental domain of T. By Equation 15.2.31 we have 

(5.2.4) f dv= f h{j) AJ{z)diy= f H{^) A J{z) dV. 
Js Ja Jd 

The equation 15.2.41 tell us that the value dv is equal to the algebraic area (for u) of the 
region of A situated between 7 and its image H{j). Furthermore, if we suppose that J 
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fixes a point oo in A, we have 

(5.2.5) du = h{-f) A J(z)di/ 

Jt, J a 

= / 7 A {h^^ o J) (z)di/ 

J A 

= / 7 A (/i~^ o J oh) {z)di^ 
J A 

7 A J{z) du. 

Indeed, write the isotopy J' = h^^ o J o h = [h^^ o ht o /i)q^^^^- The third equation 
holds because /i is a homeomorphism of A and preserves the measure v. Observing that 
the isotopy J~^J' is a loop (whose base point is Ma) in Homeo*(A) and fixes the point 
oo, recall that 7ri(Homeo*(A)) = Ufcez^fc (^^^ the proof of Proposition I4.6p . we get 
[J~^ J']i G ^0 • Hence, we get the last equation. It is easy to prove that, by induction and 
Equation 15.2.51 Jj. dv is equal to //^fe^^' every k £Z. 

Remark that we can also define the algebraic area of the 2-chain S when 7 is not simple 
if we consider the oriented domain enclosed by 7, -ff (7) and dA in A. However, to prove 
Theorem 10.11 in the next section, it is enough to merely consider the case of a simple 
oriented path. 

Suppose now the measure v is defined by a symplectic form u, that is, i^(A) = J^u 
for all measurable sets A C A. Observe that w is exact in A where u) is the lift of u to 
A. The equation 15.2.41 and Stokes' theorem imply that jj, ui (defined by the integrals of 
differential 2-form on 2-chain) is nothing else but the algebraic area of the 2-chain S in A, 
Jj. du (defined by Equation I5.2.4|) . 

We now suppose that the time-one map F of I and its inverse are differentiable at 
7r(a) and 7r(6). Let Ii = (-Pt)tg[o,i] be an isotopy from Idj^ to F that fixes a and 6, and 
Ji be the lift of /i to M. Let 7 : [0, 1] — >• M be a simple oriented path from a to 6 with 
7(0) = a and 7(1) = b. Consider the annulus A~-j^ and the annulus map F~-j^. Recall that, 
in the proof of Lemma 11.91 ^ab~ -^Zb '-' is the natural compactification of 
where 5"^ and 5j are the tangent unit circles at a and h. We can identify 7 as an oriented 
path in and Ii as an identity isotopy of A~j^. As the measure Ji is invariant by F and 
/1(a) = pt(6) = 0, it naturally induces a measure on j4~^, denoted still by Ji. 

Suppose that S is the 2-chain S : [0, 1] x [0, 1] ^ M defined by T.{s,t) = F'~^{F{^{t))) 
whose boundary is ^(7)7"^ with the boundary of the square [0, 1] x [0, 1] oriented counter- 
clockwise. As Ii fixes 00, the intersection number 7 A Ii{z) is zero when z belongs to a 
neighborhood of 00. Therefore, if Jii^) = 0, we can define the algebraic area of the 2-chain 
T, in M \ {a, b} as follows 

Ld/I=/ ^^Ali{z)dji= jAli(z)djL. 

Jt. JM\{a,b} JA^-j^ 
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Remark here that if the measure ^ is defined by a symplectic form uj, then Jj^u (see 

Equation 12. 1.2 1 and Equation 12. 1.4p is nothing else but /g djl where uj is the hft of uj to M. 
Moreover, we have the following result which is a key step to prove that our generalized 
action function defined in next section is a generalization of the classical one. 



Lemma 5.15. // /i(7) = 0, then we have 
Proof. Prom Proposition 



d/i. 



we know that i^{F, a, b) is well defined. Let 

Observe that fi{Rec~^{F) \ Z) = ij,{M). Por every z £ Rec~^(F) \ Z and every n > 1, 
consider the following infinite family of paths in M: 

n 

n(z)=z 

Define the function 

Gn{F;a,b,z)=jAf'f^^^. 
Let us verify that this is well defined. Consider the annulus A~-j^ and the annulus map 
F~-j^. Por any z £ Rec^(-F)\Z, let zhe any lift of 2 to M (we also write z in ^~^), and z be 
any lift of z to In the proof of Lemma 11.91 we have proved that \pi{F~-^{z)) — pi{z)\ 
is uniformly bounded for any z G A-j^, say as a bound, and depends on the isotopy / 

but not on the choice of z. Pix an open disk W containing oo and disjoint from 7. As 
/i((X)) = 00, for every n > 1, we can choose an open disk Vn C W containing 00 such that 
for every J G Vn, we have /f (5) G W. Write X'J^ = Tr~^{{z}) n V^- We deduce that there 
is a positive integer such that jjX^" < ^^"^ 



Gn{F;a,b,z] 



7 A r'f^ 



E 7A/i"(?) 



< K'N. 



Hence we complete the claim. As a consequence, Gi{F; a, b, z) G L^{M \ 7r({a, 6}), M, fi). 
Moreover, we can write Gn{F;a,b,z) as a Birkhoff sum: 

n— 1 n— 1 

G„(F;5,6,z) = 7 APg^ = 7 A nf'7;,,.(,) = Y.Gi{F;a,l F^ (z)). 

i=0 ' j=0 

According to Birkhoff Ergodic theorem, the limit 



lim 

n— ^+00 



Gn{F;a~b^^) = lim 1 V Gi(F;5, 6, F^ (z)) 
n n-s-+oo n ^-^ 



j=0 
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exists for /x-almost everywhere on M \ vr({a, b}). We know that 

LniF;a,b,z) L*{F;a,b,z) 



i{F; a, b, z) = Mm 



n-s>+oo Tn{z) T*{z) 

for //-almost every point z e M\7r({a, 6}) exists (see Proposition [5TT0]). As i{F;a, b, z) does 
not depend on the choice of U (see Definition 14. ip . when z ^ vr(7), we can suppose that 
the disk U is small enough such that UCM^i^) = 0. Therefore, {L„(F; a, 6, z)/t„(2;)}„>i 
is a subsequence of {Gn(F; a, 6, z)/n}„>i. We get 

i{F;a,b, z) = lim "'^ i ' ' ) 



n— ^+oo n 



for /i-almost everywhere on M \ 7r({a,6}). 
By Birkhoff Ergodic theorem, we have 



i^{F;a,b) = i{F; a,b, z) dfx 

J M\TT({a,b}) 

= _ Gi{F;a,b,z)di-i 

JM\n((a.b\) 



7A/i(F)d/i 

M\TT~'^{n{{a,b})) 



dfi, 

We have completed the proof. □ 



6. Action Function 

This section will be divided into three parts. In the first part, we will define the action 
function and prove Theorem 10.11 In the second part, we will study some properties of the 
action. In the third part, we will define the action spectrum and prove that the action is 
not constant in the case where the contractible fixed points set is finite. 

Firstly, we state some results we can already get immediately. Let F G Homeo^,(M) 
be the time-one map of an identity isotopy I = (-Ft)tG[o,i] of we have proved 

in the last section, we know that the function i{F]a,b,z) is /x-integrable for every pair 
(a, b) G (Fix(i^) x Fix(F)) \ A in each of the following cases: 

• F G Diff(M), and G M{F) has no atoms on Fixcont,/(-^) fProposition l5.8( ): 

• I satisfies the WB-property, and fj, G M{F) has total support but no atoms on 
Fixcont,/(-F) (Proposition EnD; 

• I satisfies the WB-property, fi G M.{F) has no atoms on Fixcont,/(-^) and fj, is 
ergodic (Proposition 15.101 and the Birkhoff Ergodic theorem). 
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6.1. Definition of the action function. In this subsection, we suppose that the function 
i{F;a, b, z) is /i-integrable for every two distinct fixed points a and b of F. 
We define the action difference as follows: 

V : (Fix(_F) X Fix(F)) \ A ^ M 

(a, 6) 1-^ i^{F;a,b). 

From Proposition 14.61 we have the following corollary immediately: 

Corollary 6.1. For any distinct fixed points a, b and c of F, we have 

ifj,{F;a,b) +i^{F;b,'c) + i^{F;c,a) = 0. 

That is, i^ is a coboundary on Fix(F). So there is a function : Fix(F) — )• M, defined up 
to an additive constant, such that 

(6.1.1) i^iF;a,b) = l^{F;b) - l^{F;a). 

We call the function the action on Fix(F) defined by the measure ;U. 

As a consequence, if F is a diff'eomorphism of M and the measure /x € M{F) has 
no atoms on Fixcont,/(-^)) or the isotopy / satisfies the WB-property and the measure 
fj, € Ai{F) has total support but no atoms on Fixcont,/(-^)5 then the action function is 
well defined on Fix(i^), but the action can be unbounded. In Example 18.31 of Appendix, 
we will construct an isotopy / and a measure fi € M{F) such that the time-one map 
F is a difi^eomorphism (hence / satisfies the WB-property), and the measure fi has total 
support but no atoms on Fixcont,/(-^)) while the action is unbounded. 

Proposition 6.2. If pM,i{^J') = 0, then i^{F]a,a(a)) = for every a G Fix(F) and every 
a £ G*. As a consequence, there exists a function defined on Fixcont, /(-?*') such that 
for every two distinct fixed points a and b of F, we have 

if,{F;a,b) = L,,{F-Ti(b))-L^{F;^{a)). 

Proof. There exists an isotopy /' homotopic to / that fixes 7r(a). It is lifted to an isotopy 
/' that fixes a and a (a). Observe that if 7 is an oriented path from a to a (a), then the 
intersection number 7Ar~, (see l4.ip is equal to the intersection between the loop vr(7) and 

the loop /'^"^''H2;)7$"(^),2 (see ll.3.2p . As /9Af,/(^) = Phij'ip) = and 7r(a) G Fixcont,/(-P') 
(or fi{Tr(a)) = 0), we have 



if^{F;a,a{a)) = / i{F;a,a{a),z)dfL 



M\{7r{a)} 

hm LniF;aMa),z) 

M\{7r(S)} "-^+~ Tn{z) 

TAF^,^ 
lim ' dfi 

A/\{7r(S)} Tn[z) 
7r(7) ^PM,I'{f^) 
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The second conclusion follows from Corollary 16. 1[ We have completed the proof. □ 

We call the function the action function or action on Fixcont,/(-^) defined by the 
measure ^. 

Proof of Theorem IQ.il From Corollary 16.11 and Proposition 16.21 we define the action dif- 
ference : (Fixcont,/(i^) X Fixcont,7(-^)) \ A R and the action : Fixcont,/(-^) ^ 
as follows 

(6.1.2) I^{F;a,b)=i^{F-a,b) = L^{F-b)-L^{F-a), 

where a and h are any lifts of a and h. We only need to prove that the function defined 
in this section is a generalization of the action difference in 12.1.21 

Observe that, in the classical case, / = (-Ft)te[o,i] C Diff^,(M) where Diff^,(M) is the 
set of diffeomorphisms that are isotopic to the identity. The measure /i is defined by 
a symplectic form u. Therefore, /i is non-atomic. Comparing the Equation 12.1.41 with 
Equation 16.1.21 it sufficient to prove that I^{F]a,b) = i^{F;a,b) = 6{F,a,b). 

Let 7 be any oriented path from a to b. By Lemma 15.151 we have 

i^{F,a,b) = jdjl 

where S is the 2-chain whose boundary is F{^) — 7 (that is, identify ^(7)7""^ as a 1-chain) 
as defined in Lemma 15.151 As 5{F,a,b) does not depend on the choices of 7 and S (see 
[2X2]) . we have 

if,{F;a,b) = 6{F,a,b). 

We have completed the proof. □ 



6.2. The properties of the action function. In this section, we will give some prop- 
erties of the action function that we have defined in 16. 1[ 

From Theorem lU . 1 1 and Corollary 15.121 we get the following corollary immediately: 

Corollary 6.3. Under the same hypotheses as Theorem \U.ll for every two distinct con- 
tractible fixed points a and b of F , we have I^{F'^; a, b) = qI^{F; a, b) for all q > 1. 

Let us study the continuity and boundedness of the actions l^ and L^. 

Lemma 6.4. Let I = (i^t)tG[o,i] ^'^ identity isotopy of and z,z be two fixed 

points of Fi. If {zn}n>i C Fix(Fi) \ {z,z} satisfies Zn ^ z as n ^ +00, then for any 
open neighborhood W ofz, there exists a positive integer nyy such that for every n > nw, 
there exists an isotopy In from Ids2 to Fi that fixes z, z and Zn, and there exists an open 
neighborhood Vn of z containing Zn, such that In{z) H = when z ^ W . 

Proof. We identify the sphere to the Riemann sphere C U {00}. 

For simplicity, up to conjugacy by a Mobius transformation (see the proof of Lemma 
II. 2p that maps the triple {z,z,zi) to the triple (0, l,zi), we can suppose that z = and 
z = 1. We choose an isotopy Ii = (F/)o<t<i fixing the triple (0, l,zi) (using Lemma [L2]l . 
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Let 



Mn{t,z) 



Zn{Fl{Zn) - 1)Z 



{Fl{Zn)-Zn)z + Fl{Zn){Zn-l) 



and 



In{z){t)=Mn{t,Fl{z)). 

By construction, /„ is an isotopy from Idg2 to Fi that fixes the triple (0, 1, z^). 
Let W be any open neighborhood of and Vn be the ball whose center is at and 
radius is 2\zn\- Write 

m{W)= inf and M{z) = sup |F/(z)|. 

(t,2)G[0,l]xiy<= t6[o,i] 

As Ii fixes 0, we have miW) > and M{zn) — )■ as n — )• +oo. Therefore, there exists a 
positive number n\Y such that when n > n\Y, 

For any z ^ VF, every n > n\\r and t G [0, 1], we have 

\Zn{Fl{Zn)-l)Fl{z)\ 



\in{m\ 



m{z^)-Z^)Fl{z)+Fi(Zr,){Zr,-l) 

|z„(F/(z„)-l)| 



> 



> 



\{Fl{Zn) - Zn) + '-^^^ 

m{zn)-i)\ 



m{z^, 



■ Zn)\ + 
1/2 



F/(2:„)(^„-l) 



m(Vl/) 



2M{zn) + M{zn)/m{Wy 

> 2\Zn\. 

Hence In{z) H = 0. We have completed the proof. 



□ 



Lemma 6.5. We suppose that a G Fix(F)\{oo} and {an}n>i C Fix(F) \{a, oo} satisfying 
CLn^a as n ^ +oo . Then 

lim i(F; a„, a, z) = 

n— >-+oo 

when z G Fix(F) \ {7r(a)}, w/iife 

lim a„, a, z) = 

w/ien z G Rec^(-F) n U where U is a disk of M \ {7r(a)}. 

Proof. When z £ U, recall that the first return map is r(z). For convenience, we write 
r(z) = 1 if z G Fix(F). For any given z G Rec~'"(F) \ 7r({a}), let W be any open 
neighborhood of a satisfying W D tt~^{{z, F{z), ■ ■ ■ , F'^(^)~^(z)}) = 0. By Lemma [6.41 
there exist a number n^, a family of isotopies {In}n>n~ with /„ fixing the points o ,oo 
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and an, and a family of neighborhoods {Vn}n>n^ of a with Vn containing a„, such that 
Iniz) n K = for any z G 7r-i({z, F{z), ■■■ , F^^'^-^z)}). 

The functions i{F;an,a, z) when z is a fixed point of F that is disjoint from vr(a) and 
7r(an), and Li{F;an,a,z) when z G Rec''~(F) n U and n is large enough, depend neither 
on the choice of the isotopy / that fixes the points a, an and oo, nor on the path from an 
to a (see 14. ip . Therefore, for every n > n^j^, we can choose the isotopy In as above and a 
path in Vn from a„ to a. As a consequence, we have 

lim i{F;an,a,z) = 

n— >'+oo 

in the case where z G Fix(F) \ {7r(a)}, and 

lim a„, a, z) = 

n— >+oo 

in the case where z G Rec'''(-P) n [/. □ 

Lemma 6.6. Suppose that an isotopy I satisfies the B-property, /i G Ai{F) is ergodic and 
no atoms on Fixcont,/(-^) where F is the time-one map of F Let P C Ad be a connected 
compact set. There exists Np > such that \i{F;a,b, z)\ < Np for all two distinct fixed 
points a and b of F in P and fi-a.e. z. 

Proof. Take a disk U such that fJ-{U) > 0. Recall that $ and r are respectively the first 
return map and the first return time. Denote by the measure on U induced by /i and 
Orb+(z) the positive orbit of z, that is, Orb+(z) = {F"(z)|n > 0}. Then nu G A^(^>) and 
Hu is ergodic with regard to <I>. Indeed, if /i is a measurable function on U and satisfies 
ho (t = h. Observe that /i(U„>o-F"(t/)) = fJ-iM) since fi is ergodic. We may extend h on 
M in the following way: 




h{z) if z G Rec+(F) n U and z' G Orb+(z); 
if z ^ Rec+(F) n U and z' G Orb+(2;). 



By the construction of h' , we have h' o F = h' . Hence, h' is constant //-a.e. on M. This 
implies that h is constant //(/-a.e. on U and therefore is ergodic with regard to $. 
Observe that f^T{z)d^ = ^{Uk>oF'^{U)) = fJ.{M). By Birkhoff Ergodic theorem and 

Equation I5.2.H for all two distinct fixed points a and 6 of F in P and /i-a.e. z, we have 



i{F;a,b,z) = lim — ' — ^= lim 



n— >+oo 



Tn{z) 

Jlj Li{F;a,b,z)dfi 



L„{F]a,b,z) 
n 

T„{z) 



lu T{z)d^i 



/i(M) 



Li(F] a, b, z)diJL. 



u 
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If the lemma is not true, then we can find {{an, 6n)}n>i C Fix(F) x Fix(i<') \ A n P and 
z £ U such that \i{F;an,bn, z)\ > n. That is 



(6.2.1) 



hm 

n— >+oo 



Li{F;an,bn,z)dii 



+00. 



and hm b. 



We can suppose that there are two fixed points a and 6 of F such that lim Un = 0, 

n—^+oo 

b by taking subsequences if necessary. 

When a = 6, by Proposition 14. 6[ we have 

Li{F;an,bn,z) + Li{F;bn,a, z) + Li{F;a,an, z) = 0. 

By Lemma [631 we have Li{F;an, bn, z) ^ as n ^ +00. 
When a 7^ 6, we have 

Li{F;an,bn,z) + Li{F-bn,b, z) + Li{F;b,a, z) + Li(F; a, a„, z) = 0. 

By Lemma |6 . 5 1 again . we have Li{F;an,bn,z) — )■ Li{F;a,b, z) as n — )• +00. By the defini- 
tion B-property, Section 15.11 and Lebesgue's dominating convergence theorem, we have 



hm 

n— ^+00 



Li{F;an,bn,z)dfi 







when a = b, and 



hm 



Li{F;an,bn,z)dfi 



Li{F; a, b, z)dfi 



< +00 



when a ^ b, whicli conflicts with the limit 16.2.11 



□ 



From the definition of the B-property, Proposition 15.91 Proposition 15.111 Proposition 
and Lemma 16.61 we get the following proposition. 



Proposition 6.7. Suppose that F is the time-one map of an identity isotopy I on M, the 
measure fi S A4{F) has no atoms on Fixcont,/(-^) md pujil^) = 0. If one of the following 
three cases is satisfied 

• / satisfies the B-property and F S Diff (M) (in particular F G Diff^(M) ); 

• / satisfies the B-property, the measure ^ £ M. (F) has total support; 

• / satisfies the B-property, the measure ^ £ M. (F) is ergodic, 

then the action L^j is uniformly bounded on Fixcont, 

Proof. By Proposition 16. 2^ we only need consider a compact set P of M such that P 
contains a fundamental domain of the covering transformation group G (see ll.4.3]) . □ 



We now study the continuity of the actions l^ and L^. In Example 18.31 of Appendix, 
we will construct an isotopy / and a measure fi G A4{F) such that the time-one map F 
is a diffeomorphism (hence satisfies the WB-property) but not a C^-diffeomorphism and 
the measure n has total support and no atoms on Fixcont,/(P)5 while the action is not 
continuous. However, we have the following results. 
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Proposition 6.8. Suppose that F is the time-one map of an isotopy I on M and the 
measure fi £ Ai{F) has no atoms on Fixcont,i{F). If one of the following three cases is 
satisfied 

• / satisfies the B-property and F G DifF(M) (in particular F G Diff"^(M) ); 

• / satisfies the B-property, the measure /x G M{F) has total support; 

• / satisfies the B-property, the measure /x G A4.{F) is ergodic, 

then the action lfj_ is continuous on Fix(F). As a consequence, if PM,i{fJ') = 0, the action 
is continuous on Fixcont,/(-^)- 

Proof. We suppose that a G Fix(F) \ {oo} and {a„,}„,>i C Fix(F) \ {a, oo} satisfying 
On — )• a as n — )■ +oo. We consider tlie value i^{F;an,o,). There exists a triangulation 
{Cl{Ui)}f^ of M \ Fix(F) such that, for every i, the interior Ui of Cl(C/j) is an open free 
disk for F and satisfies ii{dUi) = 0. 

By Lemma |6.5[ we have hm i{F;an,a, z) = in the case where z G Fix(i<') \ {7r(a)}, 
and lim Li{F; ) = in the case where z G Rec'^(-F) n Ui, for every i. 

Choose a compact set P C M such that a £ P and {an}n>i C P. As before, when a' 
and b ' are two distinct fixed points of F in P, we can always suppose that the path 7 that 
joins a' and 6' is in P in this proof when we talk of the linking number i{F;a' , b',z). By 
the definition of B-property, Proposition 15.91 15.111 and Lemma 16.61 , we can suppose that 
there exists a number > such that 

N = sup < \i{F;an,a, z)\\z £ Rec''"(F) \ 7r({a„, a}) > . 

n>l J 

By Lebesgue's dominating convergence theorem (the dominated function is N), we get 



lim 

1— >+oo 



Fix(F) 



{i{F;an,a,z] 



dfi = 0. 



It is then sufficient to prove that 



lim 

71— > + 00 



A/\Fix(F) 



[i{F;an,a,z] 



dfi = 0. 



Fix any e > 0. Since f^{[J^^ Ui) = ;u(M \Fix(F)) < -\-oo, there exists a positive integer 
N' such that 

+00 

M U < w 

N'+l 

For every pair (a, b) G (Fix(F) x Fix(F)) \ A and each i, by Birkhoff Ergodic theorem, we 
have r*($(z)) = t*{z) where t*{z) is the limit of the sequence {Tn{z)/n}n>i and $ is the 
first return map fsee ll.3.2"|) . and L*(F:a. b. ^(z)) = L*{F;a,b, z) . Hence, a, 6, $(2;)) = 
i{F;a,b,z) for /^-almost every point z G Ui. Obviously, \i{F;an,a,z)\T{z) G L^{Ui,R, fx). 



Therefore, for /x-almost every point z £ Ui, we have 
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m — 1 



hm 1 V (t(<I>^(^)) 



i=o 

T*{z) i{F;an,a,z)\ 



This imphes that 
(6.2.2) 











/ r{z) 


i{F;an,a,z) 


d^,= [ T*{z) 


i{F;an,a,z) 


JUi 









for every i and every n. 

Recall that, for every pair (a, b) G (Fix(F) x Fix(i^)) \ A and every i, 



^ m—l 

L*{F;a,b,z) = lim — Li{F;a,b,<^^ (z)) 



exists for /i-almost every point z £ Ui. From Proposition 15.91 and Proposition 15.111 we 
have Li(F; a„,a, z) < Nt{z), which implies that Li(F; a„, a, z) € L^{Ui,'R, n) for every 
i. Therefore, we have the following inequality (modulo subsets of measure zero of Ui) 



(6.2.3) 



L*{F;an,a,z) 



lim — 

m—^+oo m 



m—l 

Y,{Li{F;an,a, $J(z)) 

j=0 
m—l 



< lim — V |Li(F;a„,a,^>^(z)) 
i=o 

Li{F;an,a,z)\ . 



A 



The last definition and equation hold due to Birkhoff Ergodic theorem. 
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Moreover, we have 



N' 

L, i{F;an,a,z) d/i < V / 



U C^. 

i = l 



N' 



i{F;an,a,z) 



d/i 



= / ^(z) iiF;an,a,z) 

i=i ■'u. 

= 5^ / '^*(^) i{F'^o,n,a,z 

= / L*{F;an,a,z) dfi 

i=i Ju. 

< / Li{F;an,a,z) dfi 



d/.i 
d// 



= / Li(F;a„,a,z) d// 

— ^ (n— >+co). 

The second equation holds since F preserve the measure fi and i{F;a,b,z) is the ac- 
tion of F. The third equation holds by Equation I6.2.2I The forth equation is true 
because i{F]a,b,z) = L*{F;a,b, z)/t*{z). The fifth inequality holds by the Inequality 
16.2.31 The sixth equation holds due to Birkhoff Ergodic theorem. The last limit holds due 
to Lebesgue's dominating convergence theorem (the dominated function is Nt{z)) and 
Lemma 16.51 

Therefore, there exists a positive number A^" such that when n > N" , 







N' 


i{F;an,a,z) 


! = 1 





dM<-. 



Finally, when n > N" , we have 
{i{F;an,a,z) d^ = 

M\Fix(F) 



iV' 

U 

1=1 



(i(F;a„,o,z) 



dfi 



U 

N'+l 



[i{F;an,a,z] 



djj, 



= e. 

We have completed the first statement. 

Now we turn to prove the second statement. Let a S Fixcont,/(-^) and {an}n>i C 
Fixcont,/(-f') \ {a} satisfying a„ — )■ a as n — )• +oo. By Proposition 16.21 we only need to 
consider a lift a of a and a lift sequence {an}n>i C Fix(F) of {an}n>i satisfying Tin ^ a 
as n — )• +00. Then it follows from the first statement. □ 
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6.3. Action spectrum. In this section, we suppose that the action is well defined. 
Write F as the lift of F obtained by lifting I to an isotopy / to M starting Id^. 
Define the action spectrum of I as follows (up to an additive constant): 

a{F) = {lf,{F; T) \ z £ Fix(F)} C M U {±00}. 

By Corollary 15. 141 the action spectrum of / is invariant under conjugation by an orien- 
tation preserving and measure preserving homeomorphism of M. 

Define the action width of I as follows: 

width(F) = sup \x — y\ = sup zi, Z2). 

x,y&a{F) ^i,22eFix(F) 

Moreover, if pMji^j) = 0, we can write the action spectrum of / as (up to an additive 
constant): 

a{F) = {L^{F- z) I z G Fixcont,/(i^)} C M U {±00}. 

Furthermore, if is continuous (see Proposition 16.71 and Proposition 16. 8|) . cy{F) is a 
compact set of M and we can write the action width of / as: 

width(F) = max /^(F, zi, ^2). 

Zl,22 6FixCont,7(-F') 

The following Theorem is the Arnold conjecture for surface homeomorphisms that is 
due to Matsumoto |Matj (see also |Leclj ): 

Theorem 6.9. Let M he a compact surface with genus g > 1 and F be the time-one 
map of an identity isotopy I on M . We suppose that /x G A^(F) has total support and 
PMjifJ-) = 0. Then there exist at least three contractible fixed points of F. 

On a closed surface, based on Theorem 16.91 we can get the following result that is a 
generalization of Lemma 2.8 that is proved in [Si] by using Floer homology. 

Proposition [072] Let F be the time-one map of an identity isotopy I on a closed oriented 
surface M with g > 1. If I satisfies the WB-property and F G Homeo^,(M) \ {Mm}; 
H G M.{F) has total support, no atoms on Fixcont,/(-^) o-nd pM,i{p) = 0, then 'i),a{F) > 2, 
that is, the action function L^ is not constant. 

The proof of Proposition lU. 21 will be divided two cases: the set Fixcont,/(-P') is finite and 
the set Fixcont,/(-^) is infinite. Firstly, let us prove the case where the set Fixcont,/(-^) is 
finite which is an easer case. 

Proof of the case of Proposition^^ where the set Fixcont, /(-?") is finite. 

We say that X C Fixcont,/(-^) is unlinked if there exists an isotopy /' = (-F/)t(=[o,i] 
homotopic to / which fixes every point of X. Moreover, we say that X is a maximal 
unlinked set, if any set X' C Fixcont,/(-^) which strictly contains X is not unlinked. 

In the proof of Theorem 16.91 ( [LecH Theorem 10.1]), Le Calvez proved that there exists 
a maximal unlinked set X C Fixcont,/(-^) with jJA > 3 if UFixcont,j(-f') < +00. 



52 



JIAN WANG 



There exists an oriented topological foliation T on M \ X (or, equivalently, a singular 
oriented foliation T on M with X equal to the singular set) such that, for all z G M\X, 
the trajectory I[z) is homotopic to an arc 7 joining z and F{z) in M\X which is positively 
transverse to J-. That means that for every to £ [0, 1] there exists an open neighborhood 
V <Z M \ X oi 7(^0) and an orientation preserving homeomorphism h : V ^ 1)^ 
which sends the foliation T on the horizontal foliation (oriented with xi increasing) such 
that the map t 1— )• p2{h{-f{t))) defined in a neighborhood of to is strictly increasing where 

P2{XI,X2) = X2. 

We can choose a point z G Rec~''(-F) \Fix(F) and a leaf A containing z. Proposition 10.4 
in [Leclj states that the a;-limit set i^(A) G X, the a-limit set a(A) G X and w(A) 7^ a(A). 

Fix an isotopy /' homotopic to / that fixes uj{X) and a(A) and a lift A of A that joins i^(A) 

and a(A). Let us now study the linking number i{F; uj{X),a{X), z') for z' G Rec'^(F) \X if 
it exists. Observe that for all z' € M\X, the trajectory I'{z') is still homotopic to an arc 
that is positively transverse to F. Hence, for all z' G Rec'''(-F) \ X and disk U containing 
z' (here, we suppose that [/ n A = by shrinking U and perturbing A if necessary), we 
have 

Ln{F; Z{X), ^(A), z') = XA f^^^, = A A T^,^,, > 
for every n > 1, where /' is the lift of /' to M (refer to Section [4. ip . Finally, we have 

i{F;^),^),z') > 

for ;U-almost every point z' G Rec^(F) \ {a;(A),a(A)} (refer to Definition 14. ip . 

By the continuity of /' and the hypothesis on /x, there exists an open free disk U 
containing z such that fJ.{U) > and Li{F;uj{X),a{X), z') > when z' e U H Rec"''(F). 

Similarly to the proof of Proposition 16.81 we have 

I^{F;oj{X),aiX)) > [ z(F; S(A), z) d^ 

= / T{z)i{F-^J(X),a{X),z)dfi 
Ju 

= [ T*{z)i{F;^),^),z)dn 
Ju 

= [ L*{F;^),^),z)dn 
Ju 

= / Li{F]Z{X),'i4X),z)dfi 

Ju 
> 0. 

□ 

Before proving the case where the set Fixcont,/(-^) is infinite., let us state a recent result 
due to Jaulent [J]: 
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Theorem 6.10 (Jaulent). Let M he an oriented surface and F he the time-one map of 
an identity isotopy I on M . There exists a closed subset X C Fix(F) and an isotopy I' 
joining \dM\x i^|M\x Homeo(M \ X) such that 

(1) For all z £ X , the loop I{z) is homotopic to zero in M . 

(2) For all z G Fix(F) \ X, the loop I'{z) is not homotopic to zero in M \ X. 

(3) For all z € M\X, the trajectories I{z) andViz) are homotopic with fixed endpoints 
in M. 

(4) There exists an oriented topological foliation T on M \ X such that, for all z € 
M\X, the trajectory I'{z) is homotopic to an arc 7 joining z and F{z) in M\X 
which is positively to T . 

Moreover, the isotopy I' satisfies the following property: 

(5) For all finite Y C X , there exists an isotopy ly joining Um and F in Homeo(M) 
which fixes Y such that, if z G M\X, the arc I'{z) and lyiz) are homotopic in 
M\Y. And if z € X \ Y , the loop /y (z) is contractihle in M\Y. 

Proof of the case of Proposition \O.S\ where the set Fixcontj/l-P") is infinite. 

Suppose that X, V and F are respectively the closed contractihle fixed points set, the 
isotopy and foliation as stated in Theorem I6.1UI Obviously, X 7^ and /i(M \ X) > 0. 
Assume that X' is the union of the connected components of X that separates M. Write 
M \ X' = U"^^Sj where n > 1 and Si are the F-invariant subsurfaces of M. By the 
definitions of Si and I', we have the following properties 

(Al): if Si is a disk, then we have {X \ dSi) Ci Si ^ ^ (by Proposition 13.11 and item 

(2) of Theorem IHUl : 
(A2): ps I'i^j) = G i7i(S'i,M) for every i (by the item (1) and (3) of Theorem 

It implies that the sum of the number of the connected component of dSi and the number 
of the connected component Xr\Si is greater than 2. Indeed, it is sufficient to prove the 
case when Si is not a subsurface of sphere by Al. Identifying every connected component 
of dSi as one point, we get a closed surface S[ and an identity isotopy induced by /', 
written still which satisfy Ps'j'ifJ') = G i/i(S'j',M) by A2. Using Theorem 16.91 we 
prove the claim. 

Fix one subsurface Si. Similarly to Proposition 10.21 we choose a point z £ (Rec'''(F) \ 
Fix(F)) n Si and a leaf X £ F containing z. The proofs of Proposition 4.1 (page 150, when 
Si is a disk or an annulus) and Proposition 6.1 (page 166, when Si is not a subsurface of the 
sphere) in |Lec2j say that uj{X) (resp., a(A)) is connected and is contained in a connected 
component of dSi or a connected component of X n Si, written X+(A) (resp. X_(A)). 
Moreover, X_(A) 7^ X_|_(A). Choose a lift A of A. We have to consider the following four 
cases: the set oj{X) or a(A) contains 00 or not. 

Take two points a G a(A) and b G u}{X). Let Y = {a, b} and ly be the isotopy as stated 

in Theorem 16.101 Suppose that /y is the identity lift of ly to M. Notice that 

(Bl): if z G M \ X, the arcs F{z) and Iy{z) are homotopic in M \ y by item (5) of 
Theorem 16.101 and by item (4) of Theorem 16.101 ly (z) is homotopic to an arc 7 
joining z and F{z) in M \ y which is positively transverse to F; 



54 



JIAN WANG 



(B2): a z e X\Y, then 7 A /(.(z) = by the item (5) of Theorem [6l0] where 7 is 
any path from a to b. 

If both a{X) and a;(A) do not contain 00, replacing a by a(A), b by a;(A) and /' by ly 
in the proof of Proposition IU.21 then we can get I^{F; a, b) > 0. 

We suppose now that at least one of a(A) and w(A) contains 00. Recall that d is the 
distance of M induced by a distance d of M which is induced by a Riemannian metric on 
M. Define dist(2, C) = inf C) if z £ M and C C M. Take a sequence {(om, &m)}m>i 

c£C 

such that 

• n(am) = a and 7r(6m) = 6 , if a(A) (resp. t^(A)) does not contain 00, we set a^, = a 
(resp. 6m = b) for every m where a G 7r~^(a) n a(A) (resp. b G vr~^(6) n w(A)); 

• lim dist(am,A) = and lim dist(6m,A) = 0. 

n— >+oo n— ^+00 

For every m, suppose that Cm (resp. c^) ^ point of A such that d{am,Cm) = dist(am, A) 
(resp. d{bm,c'^) = dist(6m, A)). Obviously, if a(A) (resp. i^(A)) does not contain 00, then 
Cm = o,m = a (resp. = bm = b) and dist(am, A) = (resp. dist{bm, A) = 0). Choose a 
simple path Im (resp. I ^) from (resp. c^) to Cm (resp. 6m) such that the length of 
Im (resp. l'^) is dist(om,A) (resp. dist(6mi A)). Here, we set the simple path is empty set 
if its length is 0. Let 7m = Im^ml'm where Am is the sub-path of A from Cm to c'^. Then 
7m is a path from Om to 6m- 

We know that, for every m > 1, the linking number i(F; Om, 6m, z') exists for /x-almost 
every z' G M \ {a, 6}. Hence, the linking number i{F;am, bm, z') exists on a full measure 
subset of M \ {a, 6} for all m. By the property B2 above, we have i{F;arn,bm,z') = 
if z' e X \ {a,b}. We now claim that liminf i(i^; Om? 6m) -2') ^ for /x-almost every 

m— >+oo 

z' G Rec+{F)\X. 

Fix one point z' G Rec~^(-F) \ X and choose a disk U containing z' (here again, we 
suppose that [/ n A = 0). By the property Bl and the construction of 7m, for every n > 1, 
there exists m{z' , n) G N such that when m > m{z' , n), the value 

Ln{F;am,bm., z') = 7m A f"}, = 7r(7m) A P^, ^, 

is constant with regard to m and 

(6.3.1) Ln{F;am,bm,z')>0. 
We now suppose that 

fi{z' G Rec+(F) \X I liminf i(F;5m,6m,2') < 0} > 0. 

There exists a small number c > such that 

(6.3.2) n{z' G Rec+(F) \X | liminf i(F;Sm, 6m, ^0 < -c} > c. 
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Write E = {z' e Rec"'"(F) \ X \ liminf i{F; am, bm, z') < —c}. Fix a point z' e E and a 
disk U containing z' as before. By taking subsequence if necessary, we may suppose that 

— oo < lim i{F;am,bm,z')<—c. 

Then there exists N{z') € N such that when m > N{z'), we have 

i{F;am,bm,z') = Mm ^ri{F,arn,bm, z ) ^ 

Fix mo > N{z'). There exists n{z',mQ) G N such that when n > n{z',mQ), we have 

(-^) C^mo ) bmo ' ) ^ 

Fix no > n(z',mo). Then, we have 

-^"0 ^ ^mo 1 bmo 1 Z ) ^ CTj^Q ). 

By the inequahtv 16.3.11 there exists m(z',nQ) > mo such that, when m > 111(2', uq), we 
have ^ 

LnoiF;am,bm,z') > 0. 
Fix mi > m{z',no). There exists n{z',mi) > rii such that when n > n(z',mi), we have 

L-ni-F } (^rrii ) ^mi ; Z ) 

Fix rii > n{z',mi). Then, we have 

F-rii {F , CLmi ) bmi , Z ^ <C. CTj^j ) . 

By induction, we can construct a sequence {(mj,nj)}j>o C N x N such that 

(CI): {mi}j>o and {nj}j>o are strictly increasing sequences; 
(C2): for every i > 0, 

Ln, {F; am, ,bmi,z') < -CTn, (z) and {F; am,+^ , ,z')>0. 

As the positively transverse property of it is easy to see that the negative part of 
Lrn{F;ami,bmi, z') only comes from the intersection Im^ or l'^., or both of them with the 
curve r~, , in the case where a(A) or a;(A) contains 00, or both of them contain 00. 

We deal with the case where both a{X) and i^(A) contain 00, and other cases follow 
similarly. By the item (5) of Theorem I6.1UI it is easy to see that there is a positive integer 
N such that the number of times that ly^x) rotates around a (resp. b) is less than N 
when X is close to a (resp. b). Since ly fixes a and b, the measure /i has no atoms 
on Fixcont,7'(-^)5 the construction of Am, and the property C2, there must be an open 
disks sequence {Uf'}i>o that contains the set (7y)~-'^(7r(/.mJ) = U^^^^j- •)(-fy)~^(?/) and an 

open disks sequence {f7f}i>o that contains the set (/y)~-'^(7r(Z ^.)) = U ,r, \(-/^^)~^(y) 
satisfying 

(Dl): [/f^i C Ut (resp. U^^^ C U^) and /z([/f ) ^ (resp. /z([/f) ^ 0) as i ^ +00; 
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(D2): for every i >0, 



where xu is the characteristic function of [/ C M. 

n-l 

Denote by Xjji-'^) hmit function of ^ ^ xu ° F^{x) as n — t- +oo for ^-almost every 

i=o 

X € M (by Birkhoff Ergodic theorem). By the property D2 and the inequahty [6321 we 
have 

l,{{xGRec+iF)\X\xh^{x)>^ or ^^.(x) > ^}) > c 



for every i. This imphes that J]\,f{Xu°i^) ~^ X^b{x))dfj, > ^ > for every i. On the other 
hand, by Birkhoff Ergodic theorem and the property Dl, we have 

/ ixhi^) + Xubix))dfi = I (xc/-(x)+Xt/o(x))d^ = /i(C/f)+/x(C/f) ^0 
Jm " ' Jm 

as i — ^ +00, which is impossible. 
Finally, we get 

(6.3.3) liminf i(F; Om, bm, -z') ^ 

m— >+oo 

for ^-almost every point z' G Rec^(F) \ {a, 6}. 

By the continuity of ly and the hypothesis on /i, there exists an open free disk U 
containing z such that l-t{U) > and 

(6.3.4) lim Li{F-am,bm,z')>0 



m— >+oo 



when z' E f/n Rec+(F). 
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As the rotation vector of vanishes, by Proposition 16. 2| the inequahties 16. 3. 3116. 3. 41 and 
Fatou Lemma, we have 



As a immediate consequence of Proposition I0.2|, we have the fohowing corollary. 

Corollary 6.11. Suppose that F is the time-one map of an identity isotopy I on a closed 
oriented surface M with g > 1, /U G Ai{F) has total support, no atoms on Fixcont,/(-^) 
and PMji^i) = 0. IfFe Diff,(M) \ {Ma/}, then ^a{F) > 2. 

From Proposition 16.21 and Proposition 10.21 we can get the following generalization of 
Theorem 2.1. C in jPlj on closed surface. 

Corollary 10.31 Let F he the time-one map of an identity isotopy I on a closed oriented 
surface M with g > 1. If I satisfies the WB-property and F S Homeo*(M) \ {Hm}, 
^ G Ai{F) has total support and no atoms on Fixcont,7(-^)) then '^(t{F) > 2. 

Proof. If pMjilJ') = 0, by Proposition IU.2I and Proposition 16. IH there exist two distinct 
contractible fixed points a and 6 of -F such that I^{F;a,b) ^ 0, thus for any their lifts a 
and b we have if^{F;a, b) = I^{F; a, b) ^ 0. 

If pMj{p) / 0, by the proof of Proposition 16.21 there exists a € G* such that ip{a) A 
PMjip) 7^ where (p is the Hurewitz homomorphism from G to Hi{M,Z). By Lefschetz- 
Nielsen's formula, we know that Fixcont,/(-F) / 0- Choose a G Fixcont,i{F), and an isotopy 
I' homotopic to / that fixes a. For any lifts a and a(a) of a, we get that iij,{F;a,a(a)) = 
(p{a) A pM,i{p) 7^ 0. We have completed the proof. □ 




lim i^{F;am,b, 



'm 



> 0. 



□ 



Let us now give two examples to see what will happen when Supp(/i) / M. 
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Example 6.12. Consider the following smooth identity isotopy on M^: / = (i^t)tg[o,i] '■ 
{x,y) I— )• (x + ^ cos{2iTy) , y + ^sin{2TTy)). It induces an identity smooth isotopy / = 
{^t)te[o,i] oil Let /u have constant density on {{x, y) G | y = or y = i} and vanish 
on elsewhere. Obviously, pj2 j{fi) = but Fixcont,/(-^i) = 0- 

The example 16.121 tells us that there is no sense to talk about the action function when 
g = 1 and Supp(^) / M. The following example belongs to Le Calvez jLecll page 73] who 
mentioned me that this example implies that Proposition 10.21 is not true anymore in the 
case where g > 1 and Supp(/i) 7^ M. For convenience of readers, we provide the example. 

Example 6.13. Let M be the closed orientated surface with g = 2 and L be the morse 
function on M which has six critical points zi, . . . ,zq such that the points Zi {2 < i < 5) 
are saddle and the six critical values L{zi) = Ui {1 < i < G) satisfy ai < 02 < • • • < ae 
(see Figure [TJ. Fix 62 G]«25a3[ and 64 G]a4,a5[. Denote by Ci,C2 the two connected 
components of ^^^({62}) and by 0^,0 4 the two connected components of L^^{{b4}). Fix 
b'2 S]a2,62[ and 64 G]64,a5[ and modify the Hamiltonian vector field with regard to L on 
the closed annulus -L~^([ai, 62]) and {[b'^, ao]) to construct two components of Reeb 
and obtain a vector field ,^ on M such that the critical points zs and Z4, of L are the only 
two singular points of ^. 




Figure 1. The counterexample when Supp(/u) 7^ M and g = 2 

The vector field ^ induces a natural orientation on the circles Cj. For two distinct 
points z and z' of Cj, denote by [z,z']i the segment which joins z and z' on Cj with the 
orientation. Choose the points as follows (see Figure [2]) 

• 2:i,3,2:3,i,2;i,4,^;4,i on Ci whose cyclic order is induced by the orientation of Ci; 

• -22,4, .24,2 on C2; 

• ^i,3>4,i on C3; 

• z'^ 4)-?4 i)-24 2)^2 4 o^ ^4 whose cyclic order is induced by the orientation of C4. 
We can construct the following disjoint segments in M \ {^3, Z4} 

• an oriented segment 71^3 form ^1^3 to 3; 

• an oriented segment 73^1 form z'^ ^ to z^y, 



59 



• an oriented segment 

• an oriented segment 

• an oriented segment 

• an oriented segment 



71^4 form 2:1^4 to 4; 
74 J form 2:4 I to 2:4^1; 
72,4 form 22,4 to 23 4; 
74,2 form 24 2 to 24,2- 




Figure 2. The counterexample when Supp(/Lt) 7^ M and g = 2 
The following three closed curves 

71.3 U 73,1 U [21,3, 23,i]i U [2i^3, 23_i]3, 

71.4 U 74,1 U [21,4, 24,1] 1 U [2i^4, 24_i]4, 

72,4 U 74,2 U [24,2, ^2,4] 2 U [24^2 > 4,4)4 

bound three disjoint closed disks in L~^([62, 64]). Up to multiplying the vector field by a 
strict positive function, denote by {6t)t<^M. the flow with regard to ^, we can suppose that 

• the segments 6t{'yij),t £ [—1, 1] are pairwise disjoint for all 

• the segments Ot{'yi j) and Oti{'^ii ji) are pairwise disjoint for all {t,t') € [—1,1]^ if 

• 4,1 = ^3(4,3)' 4,3 = ^4(4,1); 

• 21,4 = 6*4(23,1), 21,3 = 6*4(24,1); 

• 4,1 = ^3(4,4)' 4,2 = ^'3(4,1)' 4,4 = ^3(4,4); 

• 22,4 = 6*3(24,2), ^4,2 = 6*4(22,4). 

We now fix neighborhoods Ui,j of 7j.j such that the six neighborhoods are pairwise 
disjoint and 

Uijr\L-\[b2M])^ U 
-i<t<i 

We consider an isotopy (G't)tg[o,i] whose support is in the union of the six neighborhoods 
Uij such that 

• the arc 1 1— Gt{zij) is the segment 7i,j, if i G {1, 2}; 

• the arc 1 1— )■ Gt{z[^) is the segment 7i,j, if i G {3,4}. 
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After that, we define an isotopy / = {Ft)t£[o,i] as follows 

^ ^ f^4t if [0,1/2]; 

* \G2t-ioe2 if tG [1/2,1]. 

By construction above, we get the point periodic point of Fi with periodic 

20 and the arc Yl H^ii^is)) is homologic to the sum of circles Cj in M \ {^3,24} 

0<i<19 

19 

and hence homologic to zero. Let the measure A* = ^ X] ^F^(z' )> where 6z is the Dirac 

measure. The points Z3 and Z4 are the only two contractible fixed points of Fi. Obviously, 
PM,I{^J') = and hence the action function is constant. 



7. Application to the group of conservative diffeomorphisms 

Fix a Borel finite measure ^ on M, and denote by Homeo*(M, /x) the subgroup of 
Homeo*(M) whose element preserves the measure /i. Denote by Hameo(-/Vf, /x) the subset 
of Homeo* (M,;u) whose elements satisfy furthermore that pM,i{fj) = 0. When M is a 
compact surface, Franks (see [Fr2j for the details) has proved that Hameo(M, /x) forms a 
group. In this section, we suppose that the support of ^ is M. 

Denote by Ham^(M, /x) the group Hameo(M, /x)nDiffi(M) and by Diffi(M, /x) the group 
Homeo* (M, ^u) n Diff ^ (M) . For convenience, we write Mg the oriented closed surface with 
the genus 5 > 1. 

In the first part of this section, we will discuss the torsion in the group IIameo(T^, /x) 
and Homeo=t(Mg, /x) with g > 1. Moreover, by using a result of Fathi [Faj . we can get an 
indirect proof about periodic homeomorphisms of surfaces, that is, the group IIomeo*(Mg) 
with g > \ \s torsion free. In the second part, we will study the distortion in the group 
Hami(T2,/x) and the group Diff];(Mg, /x) with g > 1. The second part links to Zimmer 
conjecture on closed oriented surfaces. 

7.1. The absence of torsion in IIameo(T^, /x) and Homeo* (M^ , /x) with g > 1. From 
Corollary 16.31 and Proposition 10. 2^ we have the following proposition, which is a general- 
ization of Proposition 2.6. A in |P1] . 

Proposition 10.41 Under the same hypotheses as Proposition \0.2l there exists a constant 
C > such that width(F"') > C ■ n for every n > 1. 

The proposition 10.41 implies that the groups Hameo(-/Vfg,/x) {g > 1) is torsion free. 

From Corollary 15.121 and Corollary \0.3\ we then get the following conclusion: 
Proposition 10.51 Under the same hypotheses as Corollary \0.3l there exists a constant 
C > such that width(F") > C ■ n for every rx > 1. 

Denote by J^=5^*(M) the group of all identity isotopies / = (i^t)iG[o,i] 011 where the 
composition is given by Eg nation 1 1.1. 11 Denote by J^y^{M, fi) the subgroup of ^S^^{M) 
whose element (i*t)jg[o,i] G c/=y*(M, /x) satisfies {Ft)^p = /x for all t. We say that two 
identity isotppies (-Ft)tG[o,i] ^'^d (Gf)jg[o,i] are homotopic with fixed extremities if Fi = Gi 
and there exists a continuous map [0,1]^ — )• IIomeo(M), (t, s) 1— )• Ht^s such that i7o,s = 
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Id-M, Hi s = Fi = Gi, Htfi = Ft and Ht^i = Gt- The homotopic relation is an equivalence 
relation on ,J^y^,{M) (resp. ^=5^*(M, /x)). We note the set of equivalence classes by 
Mi{M) (resp. J^^{M,ij)). It is not difficult to see that J^(M) and Jif^{M,/j) are groups. 
Indeed, ^(M) is the universal covering space of Homeo*(M) (see |Faj ) . 

We can divide the group J^(Af, /i) into two sets by whether an element / E Jif^{M,fi) 
satisfying the WB-property. In the subset of Ml{M,ii) whose elements satisfy the WB- 
property, denoted by W, we can continue to divide this set into two sets by whether an 
element I £ W satisfying pm,i{ij) = 0. 

Given I G J^(M, /i). If I ^ W , by Definition 11.71 there exist two fixed points a and h 
of F such that i{F;a,b) / 0. By Equation [021 we have i{F"^;a,b) = n ■ i{F;a,b) / 
for every n € N, that is, \i{F"';a,b)\ ^ n. If PM.i{fJ,) ^ 0, by the morphism prop- 
erty of PA/,.(/i) : ^(M,/i) Hi{M,R): PM,ii'{p) = PM,i{p) + Pm,i'{p)i we have 
\\pm,i^{p)\\hx{m,9.) ^ From Proposition 10.41 and Proposition 10.51 we get 

Corollary 7.1. The groups Jif^:{Mg, p) (g >1) are torsion free. 

In [Faj . Fathi proved the following result: if M" is a compact connected manifold 
without boundary of dimension n > 1, and p is a finite measure on Af" without atoms 
and with total support, then the inclusion 

Homeo(Af",/i) ^ Homeo(M'') 

is a weak homotopy equivalence, that is, it induces isomorphisms on all homotopy groups. 

We suppose now that the measure in Corollarv 17.11 has no atoms on Adg. Observing 
that 7ri(Homeo*(T2)) ~ fsee |Hamlj ) and 7ri(Homeo*(Mg)) ~ (c/ > 1) (see |Ham2p . 
we have 

Corollarv 10.61 The groups IIameo(T^, /i), IIomeo*(Mg) (g > 1) are torsion free. 

7.2. The absence of distortion in Ram^{T'^,p) and DiSl{Mg,p) with 5 > 1. In 2002, 
Polterovich |Plj showed us a Hamiltonian version of the Zimmer program (see O IP2j for 
the detail) dealing with actions of lattices. It is achieved by using the classical action 
defined in symplectic geometry, the symplectic filling function (see Section 1.2 in |Plj ). 
and a result of Schwarz [Sz] about the action function being non-constant which has 
been proved by using Floer homology. In 2003, Franks and Handel |FHlj developed the 
Thurston theory of normal forms for surface homeomorphisms with finite fixed sets. In 
2006, they |FII2j used the generalized normal form to give a more general version (the map 
is a C^-diffeomorphism and the measure is a Borel finite measure) of the Zimmer program 
on the closed oriented surfaces. We recommend the reader a survey by Fisher [Fi] for the 
recent progress of Zimmer program. We will give an alternative proof of the C^-version 
of the Zimmer conjecture on surfaces when the measure is a Borel finite measure with full 
surport. 

Suppose that F is a C^-diffeomorphism of Mg {g > 1) which is the time-one map of 
an identity isotopy / = (i^t)tg[o,i] on Mg and F is the time-one map of the lifted identity 
isotopy / = (-^t)te[o,i] the universal cover M of Mg. 
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Lemma 7.2. // there exist two distinct fixed points a and b of F, and a point z^, G 
Rec"'"(F) \ 7r({a, 6}) such that i{F;a,b, z^:) exists and is not zero, then 

Proof. If G Rec"*"(F) \7r({a, 6}) and i{F;a,b, z^:) exist, by Lemma [8.11 and Proposi- 
tion 14.31 we know that z^ £ Rec+(F") \ 7r({a,6}) , that a,b,z^) exists and that 
i{F'^;a, b, z*) = ni{F;a, b, z*) for all n > 1. 

Let N{n) = \\F^\y. Assume that there exist identity isotopies /j = {Fi^t)te[o,i] 
Diff-'^(M) (1 < i < s) such that, for every n > 1, we have the isotopy /" is homotopic 

/ ^ ^\ A 
to the isotopy fl = ' -^^ 

(j = 1,2,--- ,N{n)) and 



0<t<l 



where ij € {1,2,- •• ,s}, ej G {-1,1} 



Ft\z) 



^ik,N{n)t-{k-l) 



*fe-i,i' 



if 



k-i 

N{n] 



< t < 



k 



N{n) 



Let li = {Fi^t)te[o,i] (1 < ^ < s) and = {F^^''')o<t<i be the lifts of (1 < i < s) 
and (f/"^ 

)o<t<i to M respectively. Identify the sphere M U {oo} as the Riemann sphere 
C U {oo}. Again, for simplicity, we can suppose that a = and 6 = 1. 

Fix n > 1. Using the method of Lemma [TT21 we can get the isotopy I'^^^ = ^^"■')o<t<i 
which fixes 0, 1 and is an isotopy on M from Idjy to F^, where 



(7.2.1) 



F't\D 



Ft\7)-Fr{^) 



in), 



f(")(o) 



Let 7 = {0 < r < 1} be the straight line from to 1. If I'^^^iz) n 7 7^ for some point 
z G M \ {0, 1}, then there exist to £ [0, 1] and rp G]0, 1[ such that = tq, that is 



(7.2.2) 
Let 

We have 
(7.2.3) 

and 



- i^r(O) = r,{Fi:\l) - Fr(0)). 

d{Fi^t(S),z). 



C 



max 

ie{i,-,s} 



sup 

tG[0,l] ,zGM 



f/"^(1) - f/"^(0) < 2CN{n) + 1 



f/"^(0) > \I\-2CN{n) 



for all t G [0, 1]. Hence when \z\ > 5CN{n), we get fJ"^(F) > 1, i.e., /'(")(F) n 7 = 0. 

Recall that the open disks V and W that contain 00 in Section 15.11 Here, we set V = 
{z € M \ z\ > 5CN{n)} and choose an open disk W containing 00 such that 7 n = 0, 
and for every z £ V, we have (z) C W. Without loss of generality, we can suppose 
that z^ ^ T^il)- Choose an open disk U containing 2* such that U n 7r(7) = 0. Write 
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respectively T(n,z) and ^niz) for the first return time and the first return map of 

m— 1 

throughout this proof. For every m > 1, recall that Tmin, z) = ^ T(n, <I>5^(z)). Let us 
consider the following value 



By the same arguments with Lemma [5.4l and Lemma [5. 61 we can find multi-paths r^(z^, 
(1 < i < from V to V (see the equations IS.l.H - TS.l.Sl for the details) such that 

L^(F";0,l,z.) = 7A J] r™(z,). 

l<j<Pm(z*) 

For every j £ {!,■ ■ ■ , s} and (z, z') G M x M\ A, there is a unique function 9j : [0, 1] - 
M such that 61^(0) = and 



F,^t{z)-F,,t{z') 



Let Xj{z,z') = Ojil). As Ij C Difr^(M), there is a natural compactification of M x M \ A 
obtained by replacing the diagonal A with the unit tangent bundle such that the map Xj 
extends continuously (see, for example, [CFGH page 81]). 
Let 

Ci = max sup \Xj(z,z')\. 

Suppose that Mq C M is a closed fundamental domain with regard to the transformation 
group G. Denote by ifiMo) the set {Fi,±t(i) | (±t,i} G [0,1] x Mq} where Fi 



i,-t 



Fi^i^t ° P-ii ■ As Fi^±t o a = ao Fi^±t for all a € G and t G [0, 1], we can suppose that 

C2 = ^ max ^{z G ^-\z) \ H I+{Mo) U J-^I) H J- {Mo) / 0}, 
which is independent of n. 

For every < j < ?ti — 1, Tj{n, z^) <l < Tj^i{n, 2:*) and 1 < A; < N{n), let F^^\ = Um, 

z,,i,k = F>;i (Cti ° • • • ° <i (i^"('-^^("'^*»(^^n(^*)))) 

and 

2^ = iF.::x:i ° • • • ° (o))' = ^i:^ (^^:^ ° • • • ° i^:^ (i))- 

When < t < Trrf^, recall that 

^(71) — — N(n) ' 
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For every z S M, denote by Jfc(i) by the curve 
For every /c, define the immersed square 



JV(n) ]V(n) 



By Equality [7X2l we know that 7^(1) n 7 / imphes li^'"^) n / (see Figure 
|3]) . Remark here that there are two universal covers in Figure [3l that the curves in M 
(the big one) is generated by the isotopy and that the curve in M (the small one) is 
generated by (and hence by the isotopy V^^^ defined by Formular I7.2.ip . 

Let 

CjV.fe = {2j7,fe e 7r"^(zj-/,fc) I (2j- /,fc) n / 0}. 




Figure 3. The proof of Lemma [7^ 
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For every k, observing that d{z^,z^) < 2C{k — 1) + 1, there exists C3 > (depending 
only on a and b) such that 



(7.2.4) 

Therefore, 

(7.2.5) 

We have 



G G I Afc n a(Mo) / 0} < C-sNin) 



(7.2.6) L™(F-;0,l,z,) = 7A J] ^T{z*) =1 H "^^(20 ) . 

l<i<Pra{z,) j,l,k \zeCjj^k 

We get 

(7.2.7) |l^(F";0,1,z,)| < coN\n)Tm{n, z,), 
where cq = C1C2C3. Therefore, 

m(F;0,l,z*) = i(F";0,l,z,) < coiV2(n). 
This imphes that, for every n > 1, 



< 



i{F; 0, 1, 



< Co- 



in 



That is 

We have completed this proof. 



□ 



By Proposition 17.21 and Proposition 10.21 we can get the following result which is a 
generalization of Theorem 1.6 B in |Plj on the closed surface. 

Corollary 7.3. If F e Diff j;(Mg, /i) \ {Ma/J (g > I) or F e Hami(T2,/x) \ {IdT2}, then 
for any finitely generated subgroup F G C Diff j;(Mg, /x) (g > 1), 

Moreover, we can improve Corollary 17. 3[ The following result is our main theorem in 
this subsection. 

Theorem HTfl Let F G Diff^ (Mg,;u) \ {Id a/ J (g > I) (resp. F G Ham^(T2,^f) \ {IdTr2};, 
and C Diff];(Mg, yu) (g > 1) (resp. C Ham^(T^,/i)j be a finitely generated subgroup 
containing F, then 

As a consequence, the groups Diff j;(Mg, //) (g > 1) and Ham^(T^, /i) have no distortions. 
The theorem 10.71 can be obtained immediately from the following two lemmas. 
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Lemma 7.4. If F £ Homeo*(Mg, /i) \ Hameo(Mg, ^) (g > 1), then for any finitely gener- 
ated subgroup F G 5^ C Homeo*(Mg, fi), we have 

Lemma 7.5. If F € Ham^(Mg,^) \ {HmJ > U then for any finitely generated 
subgroup F G ^ C Diff ^ (M^ , /i) , we have 



~ n. 



Proof of Lemma \ 7.4[ By the definition of Hameo(Mg, //), we know tfiat pMgj{^j) 7^ 0. 
Assume tfiat F G ^ = (Fi^i,--- ,^5^1) C Homeoo(Mg, /x) and li {I < i < s) are the 
identity isotopies corresponding to Fj^i. Denote by || • ||hi(m ,m) tlie norm in the space 
ii"i(Mg,M). Write 



K = max 
«6{i, ■■■,«} 



|/'A/9>^.(/^)Li(Af„R)}- 



As pMgj{p) / and F £ we have k > 0. 

Af(n) 

For every n G N, if I" is homotopic to Y\ ^i'" ^ then we have 



s=l 



n ■ \\pMg,l{p)\\H^{Mg 



\PMg,P-{p)\\Hl{Mg 



N{n) 

Yl pMgj.'^^ (^') 

s=l 



< K ■ N{n). 



HliMg,! 



Hence HF^Hf^ ^ n. On the other hand, we have ||F"||^ ^ n, which completes the proof. □ 



Proof of Lemma 7.5. For simplicity, we write Mg as M. It is sufficient to prove that 
||F"||^ >: n. We use the notations in the proofs of Proposition 10.21 and Lemma |7.2[ 

If [jFixcont,/(F) = +00, assume that X C Fixcont,/(F), /', Y = {a,b} C XJy are the 
notations defined in the proof for the case ttFixcont,/(F) = +00 of Proposition 10.21 If 
ljFixcont,/(F) < +00, for convenience, we require a = a(A), b = lo{X), and ly = I' where 
a(A), i^(A) and /' are the notions defined in the proof for the case ttFixcont,/(F) < +00 
of Proposition 10. 2i Suppose that /', ly are respectively the lifts of /' and ly to M. 
Choose a lift a of a and a lift b of b. We know that I^(F;a,6) 7^ 0. As F 7^ Idj\f and 
// has total support, by the property (B2) in the proof of Proposition [021 we can choose 

G Rec~'"(F) \X, such that Pm,i{z*) and i{F;a,b,z^) exist, and i{F;a,b, z^) is not zero. 

Suppose now that z G M \ X. By the items (3) and (5) of Theorem 16.101 we know 

that I{z) and Iy{z) are homotopic in M. Hence, for every n G N, I^^\z) = Y\ ^i '^i^) 

is homotopic to {Iy)"'{z) in M. If "ypn(^z),z is a geodesic path from F'^(z) and z on M, 
similarly to the proof of Formula 11.3.11 then there exists C" > such that 



(7.2.8) [/('^)(^)7f"(.),.]a/ 



Hi(A/,IE 



|[(/(.)"(z)7i..(,),jM||^^(,,^jj) < C'N{n). 



Assume that Cj^i^k, 7) I'^"'\ Ci and C2 are the notations in the proof of Lemma 17121 
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Write 



r' 



{zj,i,k G vr 



I I^'n^/.fc) n (Afc({r = 0} U {r = 1}) / 0}. 



Obviously, 

Observing that (/y)" and /'('"^ are two isotopies from Id^ to F'^ which fix a and b, by 

Remark [Ql is homotopic to in M \ {a,6}. 

Observe that N{n) has the following simple properties: 

• For every two numbers ni,n2 > 1, we have N(ni + < N{ni) + N{n2); 

• For every 1 < /c < n, we have 7V(A;) - N{1) < Nik + 1) < N{k) + iV(l). 

By the properties of N{n) listed above and Inequality I7.2.8t we get for every z £ 
M \ {a, b}, there exists C2 > such that 



^{Ie7:-\z) I A7/O} < C^Af(n). 



(7.2.9) 

Write _ 

C;., = vr-i(z,,,,^(„)) I I'(")(i) A7 / 0}. 

Under the hypotheses of Lemma 17.51 we want to improve the value N'^{n) to N{n) in 
the inequalitv 17.2.71 

Based on the analyses above, we have 

L^{F^;a,b, z,) = 7 A ff,„,^^^ = 7 A r^j^)"^,, = ^(7) A T^j,^y^,^- 

To estimate the value LmiF^',a,b, z^), we need to consider the isotopy I'^") (If we use 
the isotopy (^ly^ , the difficulty is we do not know how the isotopy (/y) " rotates around 

the points vr(a) and vr(6)). If the immersed squares are uniformly bounded for n, then 
by the inequalities 17. 2. 41 - 17.2. 71 we have done. We explain now the case where the squares 
Ak are not bounded for n is also true. The inequalitv 17.2.91 shows that, for every fixed j 
and /, it is sufficient to consider at most C2N{n) elements of C-^. For every z & ^'jii 

consider the value V{z) = I7 A 7'(")(i)| (Maybe it is no sense since the ends of I'(")(F) are 
possibly on 7. In this case, we let V{z) = I7 A Int(/'(")(2))| + 2 ). We can write /'('^^(i) 
as the concatenation of N{n) sub-paths Jk{z) (fc = 1, • • • ,N{n)). Obviously, we have 



Lm{F'';a,b,z^) 


< 


7An( n '^'^(^i 


+ 


7An( n ^'^"^(^)) 













We know that the value of the first part of the right hand of the inequality above is less 
than 2C1C2N {n)Tm{n^ z*). Hence, to explore the relation of the bound of Lm{F'^;a, b, z*) 

and the power of N{n), we can suppose that the path Jfc(z) never meets Ak{{r = 0} U 
{r = 1}) for every k and z G ^'ji- isotopies (1 < i < s) commutes with the 

transformations, we can observe that (see Figure H] and refer to the proof of Lemma 17. 2p 
if we demand the values V(z) for some z E Cj ^ (in all of the probabilities) as large as 
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z, e C 




F,'"'(0) 



Figure 4. The proof of Lemma [731 



possible, then other values of V{z) will be as small as possible; if we demand most of the 
values V{z) increase, then the maximal of Viz) will decrease. It is easy to prove that 
EzeC. ^(^ ^ C[N{n) for some C[ > 0. Hence, 



7A|n n ^'^"^(^ 



N{n) 

7A|n n 

j,l zdC'^ i k=l 



< C[N{n)T^{n,z^). 



Therefore, there exists C" > {Ci,C[} such that 

L^(F";S,6,z,)| < C'{{2C2 + C^)N{n)Tmin,z, 
It implies that, for every n > 1, 



< 



i{F; a, b, z^, 



n 



(7.2.10) 

where Cq = C'{{2C2 + C^)- This implies that 

Therefore, HF^H^^ ~ n, which completes the proof. 

As a consequence of Theorem 10. 7^ we have the following theorem: 



□ 



Theorem 7.6. Let be a finitely generated group with generators {gi, . . . , gg} and / G 
be an element which is distorted with respect to the word norm on . Then (j){f) = ldj2 
(resp. </>'(/) = Idi/g where g > 1) for any homomorphism </> : ^ — )• Ham^(T^,^) (resp. 
4) : ^ ^ DiffJ(Mg,/x) with g > 1). In particular, if 'S is a finitely generated subgroup 
of Ham^ [T"^ , fi) (resp. DiSl{Mg, fi) with g > 1), every element of '^^ \ {IdMg} (g > is 
undistorted with respect to the word norm on ^ . 
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Proof. We only prove the case where (/) : ^ Ham^(T2,/x) since other cases fohow sim- 
ilarly. Let ^' be the finitely generated group generated by {(p{gi), ■ ■ ■ ,(j){gs)}- As / is a 
distortion element of there exists a subsequence {nj}j>i C N such that 

i^+oD rii i~^+oo rii 

By Theorem 10.71 we have (j){f) = ldj2. □ 

Let us recall some results about the irreducible lattice SL(n, Z) with n > 3. The lattice 
SL(n, Z) and its any normal subgroup of finite order have the following properties: 

• It contains a subgroup isomorphic to the group of upper triangular integer valued 
matrices of order 3 with 1 on the diagonal (the integer Heisenberg group), which 
tells us the existence of distortion element of every infinite norm subgroup of 
SL(n,Z) (see (PH Prop. L7]); 

• It is almost simple (every normal subgroup is finite or has a finite index) which is 
due to Margulis (Margulis finiteness theorem, see |Marj ). 

Applying these results above and Theorem 17.61 we get the following result: 

Theorem lO.HI i^f era homomorphism from SL(n. Z) (n > 3) to ILarn^ {T"^ , ^) or Diff^(Mg, /x) 
(g > 1) is trivial. 

Proof. Again, we only prove the case where (/) : W ^ Ham^(T2,^) since other cases follow 
similarly. The following argument is due to Polterovich \P2\ Proof of Theorem 1.6]. By 
the first item of properties of SL(n,Z), there is a distortion element / in SL(n,Z). Apply 
Theorem 17.61 to the distortion element / of infinite order of SL(n,Z). We have that / 
lies in the kernel of (p. Note that Ker(0) is an infinite normal subgroup of SL(n, Z). By 
the second item of properties of SL(n,Z), Ker((/)) has finite index in SL(n,Z). Hence the 
quotient SL(n, Z)/Ker(</)) is finite. Therefore, (p has finite images. Applying Corollary 10.61 
we get 4> is trivial. □ 

Finally, let us recall a classical result about the mapping class group Mod(M), where 
Mod(M) = Homeo'''(M) /Homeo*(M) is the isotopy classes of orientation-preserving home- 
omorphisms of M (see |FM] ) : any homomorphism : P — )■ Mod(M) has finite images 
where P is an irreducible lattice in a semisimple lie group of M-rank at least two. 

Applying the result above and Theorem 10.81 we get the following general conjecture of 
Zimmer in the special case of surfaces: 

Theorem 10.91 Every homomorphism from SL(n,Z) (n > 3) to DiS^{Mg, fi) (g > 1) has 
only finite images. 



8. Appendix 

Appendix A. 

Lemma 8.1. Let {X,d) be a metric space and f : X ^ X he a continuous map. A 
positively recurrent point of f is also a positively recurrent point of f for all q 
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Proof. If z G Rec+(/), let Oi = {z' e X \ d{z,z') < i} for i G N \ {0}. We suppose 
that f^''{z) — )• z when k — )• +00. Write = li^q + Pk where < Pk < q- If there 
are infinitely many k such that pk = 0, we are done. Otherwise, there are infinitely 
many k such that Pk = P where < p < q. We can suppose that f^kA+pf^^'^ _). ^ when 
k — )■ +00 by considering subsequence if necessary. We suppose that f*'^'^^'^{z) € Omx, 
then there exists such that /^^^'''''^(Oma) ^ Omi- Similarly, there exists and Om^ 
such that /'''^'''''^(Omg) C Om2- By induction, there is a subsequence {lkj)j>i of {lk)k>i 
and a subsequence {Omj }j>i of {Om}m>i such that /''"^''^^(Om^+i) C Om^- Consider the 
subsequence ^ (z)}f>i , we are done. □ 



Appendix B. 

We fix a closed surface M of genus g > 1 and a topological closed disk D on M all 
examples will coincide with the identity outside of D including isotopies. Up to a diffeo- 
morphism, we may suppose that D is the closed unit Euclidean disk. We will construct 
an identity isotopy / = (F()ig[o,i]5 '^ill write F = Fi and F = Fi the time-one map 
of I = (-Ft)tg[o,i] that is the lifted identity isotopy of / on the universal covering space 
vr : M ^ M. 



Example 8.2. We construct an isotopy I of M and a measure fj, G Ai{F) such that 

• F ^ Diff(M); 

• / satisfies the B-property; 

• there are two different fixed points zq and zi of F such that the linking number 
i{F;zo,zi,z) is not bounded; 

• there are two different fixed points zq and zi of F such that the linking number 
i{F]Zo,zi,z) is not /^-integrable. 

Use the polar coordinate for D with the center zq = (0,0) and suppose zi = (4/5,0). 
Let Dp/g = {{r,e) \ r €]0,p/q[} where p/q e]0, l[nQ. 

Consider a smooth decreasing function a : [0, 3/4] — t- M such that a | [0,1/2] = 1 and a = 
on neighborhood of 3/4. 

Consider a C°°-diffeomorphism p{r) of ]0,3/4[ as follows 

• p{r) fixes the point 1/k for every k > 1 and p{r) = r when r G [1/2, 3/4[; 

• /9"(r) — )• 1/(A; + 1) when n — )• —00 for every k > 1 and r g]1/(A; + 1), 1/A;[; 

• p^{r) 1/k when n — )■ +00 for every k > 1 and r g]1/(A; + 1), l/k[. 

Consider the following homeomorphism F oi D defined on D by the formula: 

f , . 2i7r(e+a(r)(2F + i)) 

(8.0.11) = J P(r)e V ^ ; j^^^^. 

[id on D\D^i^. 

We construct an isotopy / = (Ft)jg[o,i] on D by replacing a(r)(2~ +i) with ta(r)(2~ + i) 
and p(r) with {\—t)r+tp[r) in Formula (|8.0.1ip . It is easy to see that F is not differentiable 
at zq. 
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Consider a finite measure /x on M that is invariant by F as fohows 



k>2 



where fik is the Lebesgue probabihty measure on Ck- 

Let Bk = {{r,0) \ r g]1/(A; + 1), 1/A;[ } and Ck = {z £ D \ \z\ = l/k} {k > 2). Fix one 
point Zk S Ck for every k > 2. Let Zk {k > 0) be any hft of Zk contained in a connected 
component of Tr~^{D). For any point z G Bk, the w-hmit set of z is included in Ck and 
the a-limit set of z is included in Ck+i- When z G Ck-, the angle of the trajectory of 
I{z) rotating around zq is [2^~^^ + \)tt. Hence F has no contractible fixed points on -Di/2- 
When z G -D3/4 \ the angle of the trajectory of I{z) rotating around zq is uniformly 

bounded. Therefore, I satisfies the B-property. However, i{F]ZQ,zi,Zk) = 2^ + 1/2 and 
2^1, z) is not /i-integrable. Remark that the support of fi is not the whole space. 

Example 8.3. We construct an isotopy / of M and a measure ^ G M{F) with total 
support and no atoms on Fixcontj/l-P") such that 

• PAljifJ-) = 0; 

• F £ Diff(A/) (and hence / satisfies the WB-property); 

• / does not satisfy the B-property (and hence F ^ Diffj;(M)); 

• there is a compact set P C M and {(ifc, z ^)}/fc>i C Fix(F) x Fix(F) \ A in P x P, 
such that the linking numbers i{F;zk,z'j^,z) are not uniformly bounded; 

• the action (see l6.1|) is not bounded; 

• the action and are not continuous. 

Use the Cartesian {x, y)-coordinate system in D and suppose zq = (0, 0). On the x-axis, 
we suppose that Bk {k > 1) is a ball whose center is on Zk = l/(fc + 1) + l/{2k{k + 1)) 
and whose radius is = \/2{k + 1)^. 



Consider a family of smooth functions ak '■ [0, r^] — )■ M such that = on neighbor- 
hoods of and r^, ak{rk/2) = 2{-l)^{k + 1)^ and 




Consider the following diffeomorphism F of D which is defined by the formula: 



(8.0.12) 




(EMS]). 

Obviously, z^ and z'f^ = Zk + rk/2 are fixed points of F and we have 

i(F;z,,4)=2(-l)'=(fc + l)5 



and 



i{F;zo,Zk,z'i.) = 



{zk') = 2{-l)''+\k + lf 
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where io) S^fc ^-nd 2^ ' are contained in a connected component D of 7r~^(D). Hence I does 
not satisfy the B-property and there is a compact set C\{D) and {'zk}k>i C Fix(F) \ {zq} 
in C1(L>), such that the Unking numbers i{F;zo,Zk,z) are not uniformly bounded. 

It is easy to prove that F is a diffeomorphism of M but it is not a C^-diffeomorphism 
of M: its differential DF is not continuous at zq. 

Consider a finite measure /i on M satisfying that 

• fj, has total support; 

• ;U is non-atomic; 

• fj, restricted on 5^ is the Lebesgue measure with ^{B^) = irr'^ for every k > 1. 
Obviously, fi £ Ai{F) and pmj{h) = 0. Furthermore, we have 

/^(F; Zk+i,zk) = if,{F; Ik+i,Zk) = (-1)'=+^(2A; + 1) 

and 

I^iF;zo,Zk)=i^(F-zo,Zk) = i-l)''+^k. 

Therefore, the action is not bounded. Observe that z^ — )• zq and z^ ^ zq as k ^ +oo, 
so that Lfj, and are not continuous (at zq and zq). 
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